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EXCEPTIONAL SINGULARITIES
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(With an Appendix by Yuchen Liu)
Abstract. We prove the existence of n-complements for pairs with
DCC coefficients and the ACC for minimal log discrepancies of excep-
tional singularities. In order to prove these results, we develop the theory
of complements for real coefficients. We introduce (n,Γ0)-decomposable
R-complements, and show its existence for pairs with DCC coefficients.
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1. Introduction
We work over the field of complex numbers C.
The minimal log discrepancy (mld for short), which was introduced by
the third author, plays a fundamental role in birational geometry. It not
only characterizes the singularities of varieties but is also closely related
to the minimal model program. In [Sho04], the third author proved that
the conjecture on termination of flips follows from two conjectures on mlds:
the ascending chain condition (ACC) conjecture for mlds and the lower-
semicontinuity (LSC) conjecture for mlds. In this paper, we focus on the
ACC conjecture for mlds.
Conjecture 1.1 ([Sho88, Problem 5], ACC for mlds). Let d be a positive
integer and Γ ⊂ [0, 1] a set which satisfies the descending chain condition
(DCC). Then the set
mld(d,Γ) := {mld(X ∋ x,B) | (X ∋ x,B) is lc,dimX = d,B ∈ Γ}
satisfies the ACC. Here B ∈ Γ means that the coefficients of B belong to the
set Γ.
Conjecture 1.1 is known for surfaces by Alexeev [Ale93] and the third
author [Sho91], and for toric pairs by Borisov [Bor97] and Ambro [Amb06].
When Γ is a finite set, Conjecture 1.1 is known for a fixed germ by Kawakita
[Kaw14] and for three-dimensional canonical pairs by Nakamura [Nak16].
For other related results, we refer the readers to [Sho96, Sho04, Kaw11,
Kaw18, Jia19].
In this paper, we show that Conjecture 1.1 holds for exceptional
singularities. This is the first result for non-toric varieties regarding
Conjecture 1.1 for any DCC set Γ in arbitrary dimensions. Exceptional
singularities were introduced by the third author [Sho92, Sho00] in the study
of flips and complements, and have been further studied by many people.
We refer to [MP99, Pro00, PS01, IP01, Kud02, CPS10, CS11, Sak12, CS14,
Sak14] for related references.
In his proof of of the BBAB (Birkar–Borisov–Alexeev–Borisov) theorem,
Birkar divided Fano varieties into two separated classes: exceptional
varieties and non-exceptional varieties [Bir16, Bir19]. Roughly speaking, for
non-exceptional varieties, he proved the theorem by creating non-klt centers
and using induction. Thus the main difficulty comes from the exceptional
case. As klt singularities correspond to Fano varieties (cf. Lemma 3.12) and
exceptional singularities correspond to exceptional varieties (see Theorem
8.7), the study of exceptional singularities is expected to be important in
the study of klt singularities.
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ACC for mlds of exceptional singularities. We say that (X ∋ x,B) is
an exceptional singularity if (X ∋ x,B) is an lc germ, and for any R-divisor
G ≥ 0 on X such that (X ∋ x,B +G) is lc, there exists at most one prime
b-divisor E over X ∋ x such that a(E,X,B +G) = 0 (see Definition 3.14).
Our first main result is the ACC for mlds of exceptional singularities:
Theorem 1.2. Let d be a positive integer and Γ ⊂ [0, 1] a DCC (resp. finite)
set. Then there exists an ACC set (resp. an ACC set whose only possible
accumulation point is 0) Γ′ and a positive real number ǫ depending only on
d and Γ satisfying the following. Assume that
• (X ∋ x,B) is an exceptional singularity of dimension d, and
• B ∈ Γ,
then
(1) mld(X ∋ x,B) ∈ Γ′, and
(2) if dimX ≥ 2 and 0 < mld(X ∋ x,B) ≤ ǫ, then mld(X ∋ x,B) =
a(E,X,B), where E is the unique reduced component (see Definition
3.11) of (X ∋ x,B).
It would be interesting to ask about the LSC conjecture for mlds
of exceptional singularities, and whether the exceptional property of a
singularity is a closed condition or not.
In order to study exceptional singularities, we introduce a new category
of singularities in this paper: the singularities admitting an ǫ-plt blow-up.
Assume that (X ∋ x,B) is a klt germ. We recall that a plt blow-up f : Y →
X of (X ∋ x,B) is an extraction of a unique prime divisor E over X ∋ x,
such that −E is ample over X and (Y,BY + E) is plt near E, where BY
is the strict transform of B on Y (see Definition 3.11). In this paper, E is
called the reduced component of f . For any non-negative real number ǫ, if
(E,DiffE(BY )) is ǫ-klt, then f is called an ǫ-plt blow-up of (X ∋ x,B). If
such f exists, we say that (X ∋ x,B) admits an ǫ-plt blow-up. We also say
that (X ∋ x,B) is a singularity admitting an ǫ-plt blow-up.
When dimX ≥ 2, there are many singularities admitting an ǫ-plt blow-up.
For example, any fixed klt germ admits an ǫ-plt blow-up for some positive
real number ǫ, and any smooth point admits an ǫ-plt blow-up for every
0 ≤ ǫ < 1. We will show that any klt exceptional singularity with DCC
coefficients always admits an ǫ-plt blow-up for some positive real number ǫ
depending only on the DCC set and the dimension (see Lemma 3.22). In
particular, Theorem 1.2 is a special case of Theorem 1.3.
Theorem 1.3. Let d be a positive integer, ǫ a positive real number, and
Γ ⊂ [0, 1] a DCC (resp. finite) set. Assume that (X ∋ x,B) is a klt germ of
dimension d, such that
• (X ∋ x,B) admits an ǫ-plt blow-up f : Y → X, and
• B ∈ Γ,
then
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(1) mld(X ∋ x,B) belongs to an ACC set (resp. an ACC set whose only
possible accumulation point is 0) depending only on d, ǫ and Γ, and
(2) if mld(X ∋ x,B) ≤ ǫ, then mld(X ∋ x,B) is attained at the reduced
component of f .
We will show that the log discrepancy of the reduced component,
a(E,X,B), belongs to an ACC set (see Proposition 4.3). In particular,
mld(X ∋ x,B) is bounded from above. Thus Theorem 1.3 follows
immediately from Theorem 1.4.
Theorem 1.4. Let d be a positive integer, ǫ0, ǫ two positive real numbers,
and Γ ⊂ [0, 1] a DCC set. Let LD(d, ǫ0, ǫ,Γ) be the set of all a(F,X,B),
where
(1) (X ∋ x,B) is an ǫ0-lc germ,
(2) B ∈ Γ,
(3) (X ∋ x,B) admits an ǫ-plt blow-up, and
(4) F is a prime divisor over X ∋ x.
Then LD(d, ǫ0, ǫ,Γ) does not have any accumulation point from below, i.e.
for any positive real number M , the set
LD(d, ǫ0, ǫ,Γ) ∩ [0,M ]
satisfies the ACC.
Remark 1.5. Actually, there exists a strictly increasing sequence ai ∈
LD(d, ǫ0, ǫ,Γ), such that limi→+∞ ai = +∞.
Boundedness of local algebraic fundamental groups. As one of the
key steps in the proof of Theorem 1.4, we show that if an ǫ0-lc germ admits
an ǫ-plt blow-up, then the order of the local algebraic fundamental group is
bounded. We remark that such kind of singularities are not bounded even
in the analytic sense [HLM19, Example 3.4].
Recall that the local algebraic fundamental group πˆloc1 (X,x) is the pro-
finite completion of πloc1 (X,x) := π1(L(X ∋ x)), where L(X ∋ x) is the link
of the singularity X ∋ x.
Theorem 1.6. Let d be a positive integer and ǫ0, ǫ two positive real numbers.
Then there exists a positive integer N depending only on d, ǫ0 and ǫ satisfying
the following. Assume that
(1) (X ∋ x,B) is an ǫ0-lc germ of dimension d, and
(2) (X ∋ x,B) admits an ǫ-plt blow-up.
Then the order of the local algebraic fundamental group πˆloc1 (X,x) is bounded
from above by N . In particular, N !D is Cartier near x for any Q-Cartier
Weil divisor D on X.
Xu proved Theorem 1.6 when (X ∋ x,B) is a fixed klt germ [Xu14,
Theorem 1]. The third author [Sho00] proved Theorem 1.6 and Theorem
1.2 when dimX = 3, and the coefficients of B belong to the standard set
{1 − 1n | n ∈ N+} ∪ {0}. His proof also works for the standard set in
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higher dimensions by assuming the BBAB theorem, see [Mor18] for some
special cases. We remark that in Theorem 1.6, there is no assumption on
the coefficients of B.
Remark 1.7. Both assumptions (1) and (2) of Theorem 1.6 are necessary
even for surfaces: for example,
• Du Val singularities An are 1-lc, and
• the blow-up of the vertex of the cone over a rational curve of degree
n is a 12 -plt blow-up,
but the Cartier indices of all Weil divisors are not bounded from above when
n→ +∞ in either case.
Existence of complements. The third author introduced the theory
of complements when he investigated log flips of threefolds [Sho92]. It is
related to the boundedness of varieties and singularities of linear systems.
The theory of complements is further developed in [Sho00, PS01, PS09,
Bir19]. These researches were mainly focused on pairs with finite rational
coefficients.
In this paper, we develop the theory of complements for arbitrary DCC
coefficients. This is not only crucial to the proof of Theorem 1.4, but is also
important to topics related to the minimal model program (cf. [Liu18]).
Hacon informed us that it is expected that the theory of complements in
this case may play an important role in future applications, e.g. towards the
termination of flips both in characteristic zero and positive characteristics.
We show the existence of n-complements for pairs with DCC coefficients,
which is a generalization of [Bir19, Theorem 1.1, Theorem 1.7, Theorem 1.8]
from finite rational coefficients to arbitrary DCC coefficients.
Theorem 1.8. Let d, p be two positive integers and Γ ⊂ [0, 1] a DCC set.
Then there exists a positive integer n divisible by p, depending only on d, p
and Γ satisfying the following. Assume that (X,B) is an lc pair of dimension
d and X → Z is a contraction, such that
• X is of Fano type over Z,
• B ∈ Γ, and
• (X/Z,B) is R-complementary.
Then there exists an n-complement (X/Z ∋ z,B+) of (X/Z ∋ z,B) for
any point z ∈ Z. Moreover, if SpanQ≥0(Γ¯\Q) ∩ Q\{0} = ∅, then we may
pick B+ ≥ B, that is, (X/Z ∋ z,B+) is a monotonic n-complement of
(X/Z ∋ z,B). Here Γ¯ stands for the closure of Γ in R.
It is surprising that in the above theorem, we can choose a unique n :=
n(d, p,Γ) as opposed to a finite set of possible n’s as originally conjectured
by the third author.
When −(KX + B) is nef over Z, Theorem 1.8 was proved by the third
author [Sho00] in dimension 2 when Γ ⊂ Q is the standard set, by Prokhorov
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and the third author [PS09] in dimension 3 when Γ ⊂ Q is a hyperstandard
set, and finally by Birkar [Bir19, Theorem 1.7, Theorem 1.8] when Γ ⊂ Q is
a hyperstandard set in any given dimension.
We remark that in this paper, instead of adopting the assumption
“−(KX + B) is nef over Z” as in the previous works, we use the weaker
assumption “(X/Z,B) is R-complementary” introduced by the third author
[Sho00, 1.3]. We believe the latter assumption is the proper setting in the
study of boundedness of complements for both Fano type and non-Fano type
varieties, see [Sho20] for more details. We also remark that in Theorem 1.8
we cannot expect that B+ ≥ B even in dimension 1 (cf. Example 5.1).
If we replace Γ with [0, 1] in Theorem 1.8, then the theorem does not
hold (cf. Example 6.7), and the theorem does not hold even we weaken the
conclusion “a positive integer n divisible by p” to “n belonging to a finite
set” (the boundedness of complements) (cf. [Sho20]). By Theorem 1.8, it
is not hard to show that if the number of irreducible components of B is
bounded, then the boundedness of complements holds. The third author
[Sho20] announced a proof of the boundedness of complements under one of
the following conditions: either (X/Z ∋ z,B) has a klt R-complement, or
Γ ∩Q is a DCC set. His proof uses a quite different approach.
In this paper, we introduce (n,Γ0)-decomposable R-complements. The
proofs of Theorem 1.4 and Theorem 1.8 heavily rely on Theorem 1.10,
the existence of (n,Γ0)-decomposable R-complements for pairs with DCC
coefficients.
Recall that an R-complement (X/Z ∋ z,B+) of (X/Z ∋ z,B) is a pair
(X,B+) such that (X,B+) is lc over a neighborhood of z and B+ ≥ B.
Definition 1.9. Let (X,B) be a pair, X → Z a contraction, z ∈ Z a
point, and Γ0 = {a1, . . . , ak} ⊂ (0, 1] a finite set, such that
∑k
i=1 ai = 1.
We say that (X/Z ∋ z,B+) is an (n,Γ0)-decomposable R-complement of
(X/Z ∋ z,B) if
(1) (X/Z ∋ z,B+) is an R-complement of (X/Z ∋ z,B),
(2)
∑k
i=1 aiB
+
i = B
+ for some boundaries B+1 , . . . , B
+
k , and
(3) each (X/Z ∋ z,B+i ) is an n-complement of itself.
Theorem 1.10. Let d be a positive integer and Γ ⊂ [0, 1] a DCC set. Then
there exist a positive integer n and a finite set Γ0 ⊂ (0, 1] depending only
on d and Γ satisfying the following. Assume that (X,B) is an lc pair of
dimension d and X → Z is a contraction such that
(1) X is of Fano type over Z,
(2) B ∈ Γ, and
(3) (X/Z,B) is R-complementary.
Then for any point z ∈ Z, there exists an (n,Γ0)-decomposable R-
complement (X/Z ∋ z,B+) of (X/Z ∋ z,B). Moreover, if Γ¯ ⊂ Q, then
we may pick Γ0 = {1}, and (X/Z ∋ z,B+) is a monotonic n-complement of
(X/Z ∋ z,B).
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We need to use [Bir19, Theorem 1.7, Theorem 1.8] to prove Theorem 1.10,
and thus Theorem 1.8, hence we do not give an independent proof of [Bir19,
Theorem 1.1, Theorem 1.7, Theorem 1.8].
We remark that Theorem 1.10 implies the ACC for R-complementary
thresholds, and the existence of uniform R-complementary rational poly-
topes for Fano type varieties. See applications below.
Applications. There are several applications and by-products of our main
theorems. We give a short description of them here.
Uniform rational polytopes for (relative) Fano type varieties. We
show the existence of uniform lc rational polytopes (see Theorem 5.6), and
the existence of uniform R-complementary rational polytopes for (relative)
Fano type varieties (see Theorem 5.16).
Log discrepancies and mlds for ǫ0-lc germs admitting an ǫ-plt
blow-up with finite coefficients. For these pairs, we show that their
log discrepancies form a discrete set and their minimal log discrepancies
form a finite set (see Theorem 7.9), a generalization of [Kaw11, Theorem
1.1, Theorem 1.2].
Miscellaneous results for exceptional singularities. We show that the
ACC for a-lc thresholds holds for exceptional singularities (see Theorem 8.3),
and the ACC for normalized volumes holds for exceptional singularities (see
Theorem 8.5). We also show the correspondence between (local) exceptional
singularities and (global) exceptional pairs (see Theorem 8.7).
Complete regularities. We study the invariant complete regularity
thresholds (cf. Definition 8.10), which generalizes the log canonical
thresholds and the R-complementary thresholds. We show that the
thresholds satisfy the ACC for (relative) Fano type varieties (see Theorem
8.20).
Complements for non-Fano type varieties. For non-Fano type
varieties, we reduce the conjecture on the existence of n-complements for
pairs with DCC coefficients Γ to the case when Γ is a finite rational set (see
Theorem 8.25).
Other applications. We show the existence of monotonic klt n-complements
for any ǫ0-lc germ admitting an ǫ-plt blow-up (see Theorem 8.1). We also
prove a result on accumulation points of log canonical thresholds for pairs
with DCC coefficients (see Theorem 8.26).
Structure of the paper. In Section 2, we give a sketch of the proofs of some
of our main theorems. In Section 3, we introduce some notation and tools
which will be used in this paper, and prove certain results. In Section 4,
we prove Theorem 1.6. In Section 5, we prove Theorem 1.10. In Section 6,
we prove Theorem 1.8. In Section 7, we prove Theorem 1.4. In Section 8,
we give some applications (Theorem 8.1, 8.3, 8.5, 8.7, 8.15, 8.20, 8.25, and
8.26) of our main theorems. In Appendix A, we prove Theorem A.1.
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2. Sketch of the proofs
In this section, we give a brief account of some of the ideas of the proofs
of Theorem 1.6, Theorem 1.10, and Theorem 1.4.
Sketch of the proof of Theorem 1.6. Suppose that (X ∋ x,B) is ǫ0-lc and
f : Y → X is an ǫ-plt blow-up of (X ∋ x,B) with the reduced component
E. By the BBAB Theorem, a(E,X,B) is bounded from above. Moreover,
the normalized volume of E,
v̂ol(E,X,B) := a(E,X,B) · vol(−(KY + f−1∗ B + E)|E)
is bounded from above and from below by two positive real numbers (see
Theorem 4.5). For any finite morphism g : X ′ ∋ x′ → X ∋ x such that
g∗(KX +B) = KX′ +B′ for some R-divisor B′ ≥ 0, we have
deg g · v̂ol(E,X,B) = v̂ol(E′,X ′, B′),
where E′ is the reduced component corresponding to E with respect to g.
Since v̂ol(E′,X ′, B′) is also bounded from above, deg g belongs to a finite
set.
Sketch of the proof of Theorem 1.10. By applying the ideas in [PS09, Bir19],
the ACC for log canonical thresholds, and the global ACC, we can reduce
Theorem 1.10 to the case when Γ is a finite set (see Theorem 5.18 and
Theorem 5.20). Next, we show the existence of uniform R-complementary
rational polytope (see Theorem 5.16), and reduce Theorem 1.10 to the case
when Γ is a finite set of rational numbers. Theorem 1.10 immediately follows
from [Bir19, Theorem 1.7, Theorem 1.8] in this case.
Sketch of the proof of Theorem 1.4. Let f : Y → X be an ǫ-plt blow-up of
(X ∋ x,B) with the reduced component E. For simplicity, we assume that
X is Q-Gorenstein and Y is Q-factorial. Let BY be the strict transform of
B on Y . By Theorem 1.10, there exist a positive integer n and a finite set
of real numbers Γ′ ⊂ (0, 1] depending only on d and Γ, an R-divisor B+Y ≥ 0
on Y and Q-divisors Bi ≥ 0 on Y , such that
• B+Y =
∑
i aiBi, where
∑
i ai = 1 and each ai ∈ Γ′,
• B+Y ≥ BY , and
• (Y/X ∋ x,Bi + E) is a monotonic n-complement of itself for any i.
Let b := a(F, Y,BY + E) and b
′ := a(F, Y,B+Y + E). Since
M ≥ a ≥ a(F, Y,B+Y + E) =
∑
i
aia(F, Y,Bi + E) ≥ 0,
b′ belongs to a finite set.
Our next goal is to show that b belongs to an ACC set. Since b = b′ +
multF (B
+
Y −BY ) and the coefficients of B+Y −BY belong to an ACC set, it
suffices to show that 1) the Cartier index of each component of Supp(B+Y )
is bounded, and 2) multF (B
+
Y ) is bounded from above.
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To show 1), let DY be an irreducible component of Supp(B
+
Y ). By
the BBAB Theorem, (E,DiffE(B
+
Y )) belongs to a bounded family and
multDY B
+
Y belongs to a finite set. Thus the Cartier indices of KE +
DiffE(DY ) and KE + DiffE(0) are bounded from above. Therefore, the
Cartier indices of KY + E and KY + E + DY near E are bounded, which
implies that the Cartier index of DY near E is bounded.
To show 2), since multF (DY ) ≤ Mnmin{ai} for any irreducible component
DY ⊂ Supp(B+Y )\Supp(BY ), it is enough to show that multF (BY ) is
bounded from above. Since (E,BE) is log bounded, lct(E,BE ;BY |E) ≥ t >
0 is bounded from below away from 0 ([Bir16, Theorem 1.6]). In particular,
(Y, (1 + t)BY + E) is lc near E, which implies that multF (BY ) is bounded
from above.
Since a(E,X,B) belongs to an ACC set (see Proposition 4.3) and
M ≥ a = a(F, Y,BY + (1− a(E,X,B))E) = b+ a(E,X,B)multF E,
we only need to show that multF E belongs to a finite set. Since f is also
an ǫ-plt blow-up of (X ∋ x, 0), by Theorem 1.6, the Cartier index of KX
near x is bounded. Therefore, the Cartier index of KY + (1 − a(E,X, 0))E
near E is bounded, which implies that the Cartier index of E is bounded,
multF E is bounded from above, and multF E belongs to a finite set.
3. Preliminaries
3.1. Pairs and singularities. We adopt the standard notation and defini-
tions in [Sho92] and [KM98], and will freely use them.
Definition 3.1 (Pairs and singularities). A pair (X,B) consists of a normal
quasi-projective variety X and an R-divisor B ≥ 0 such that KX + B is
R-Cartier. Moreover, if the coefficients of B are ≤ 1, then B is called a
boundary of X.
Let E be a prime divisor on X and D an R-divisor on X. We define
multE D to be the multiplicity of E along D. Let φ : W → X be any log
resolution of (X,B) and let
KW +BW := φ
∗(KX +B).
The log discrepancy of a prime divisor D on W with respect to (X,B) is
1−multD BW and it is denoted by a(D,X,B). For any positive real number
ǫ, we say that (X,B) is lc (resp. klt, ǫ-lc, ǫ-klt) if a(D,X,B) ≥ 0 (resp.
> 0, ≥ ǫ, > ǫ) for every log resolution φ :W → X as above and every prime
divisor D on W . We say that (X,B) is plt (resp. ǫ-plt) if a(D,X,B) > 0
(resp. > ǫ) for any exceptional prime divisor D over X.
A germ (X ∋ x,B) consists of a pair (X,B) and a closed point x ∈ X.
(X ∋ x,B) is called an lc (resp. a klt, an ǫ-lc) germ if (X,B) is lc (resp. klt,
ǫ-lc) near x. (X ∋ x,B) is called ǫ-lc at x if a(D,X,B) ≥ ǫ for any prime
divisor D over X ∋ x (i.e., centerX D = x).
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Definition 3.2 (Prime b-divisors). Let X be a normal quasi-projective
variety. We call Y a birational model over X if there exists a projective
birational morphism Y → X. A prime b-divisor over X is a prime divisor
E on a birational model Y over X up to the following equivalence: another
prime divisor E′ on a birational model Y ′ over X defines the same prime
b-divisor if for any common resolution W → Y and W → Y ′, the strict
transforms of E and E′ on W coincide.
Definition 3.3. For an R-divisor B =
∑
biBi, where the Bi are the
irreducible components of B, we define ||B|| := max{|bi|}.
Definition 3.4. Let X and Z be two normal quasi-projective varieties.
We say f : X → Z is a contraction if f is a projective morphism, and
f∗OX = OZ (f is not necessarily birational).
Let X → Z be a contraction. We say X is of Fano type over Z if (X,B)
is klt and −(KX +B) is big and nef over Z for some boundary B.
Remark 3.5. Assume that X is of Fano type over Z. Then we can run
the MMP over Z on any R-Cartier R-divisor D on X which terminates with
some model Y (cf. [PS09, Corollary 2.9]).
Definition 3.6 (Minimal log discrepancies). Let (X ∋ x,B) be an lc germ.
The minimal log discrepancy of (X ∋ x,B) is defined as
mld(X ∋ x,B) := min{a(E,X,B) | E is a prime divisor over X ∋ x}.
If E is a prime divisor over X ∋ x such that a(E,X,B) = mld(X ∋ x,B),
then we say that the minimal log discrepancy of (X ∋ x,B) is attained at
E.
Definition 3.7 (a-lc thresholds). Assume that (X,B) is an lc pair (resp.
(X ∋ x,B) is an lc germ). Suppose that (X,B) is a-lc (resp. a-lc at x) for
some a ≥ 0. The a-lc threshold (resp. a-lc threshold at x) of an R-Cartier
R-divisor G ≥ 0 with respect to (X,B) (resp. (X ∋ x,B)) is
a- lct(X,B;G) := sup{c ≥ 0 | (X,B + cG) is a-lc}.
(resp. a- lct(X ∋ x,B;G) := sup{c ≥ 0 | (X ∋ x,B + cG) is a-lc at x}.)
In particular, if a = 0, we obtain the lc threshold (resp. lc threshold at
x). For simplicity, we will use lct(X,B;G) instead of 0-lct(X,B;G) and
lct(X ∋ x,B;G) instead of 0-lct(X ∋ x,B;G).
Definition 3.8. Let Γ be a set of real numbers. We denote Γ¯ the closure
of Γ. We say that Γ satisfies the descending chain condition (DCC) if any
decreasing sequence a1 ≥ a2 ≥ · · · ≥ ak ≥ · · · in Γ stabilizes. We say that
Γ satisfies the ascending chain condition (ACC) if any increasing sequence
in Γ stabilizes.
Theorem 3.9 (ACC for lc thresholds, [HMX14, Theorem 1.1]). Fix a
positive integer d, and DCC sets Γ ⊂ [0, 1] and Γ′ ⊂ [0,+∞). Then
LCT(Γ,Γ′, d) := {lct(X,B;G) | dimX = d, (X,B) is lc, B ∈ Γ, G ∈ Γ′}
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satisfies the ACC.
Theorem 3.10. Let (X,B + S) be an lc pair, such that S is a prime
normal divisor, S 6⊂ SuppB, and B =∑i biBi, where Bi are the irreducible
components of B. Then there exists a naturally defined R-divisor BS on S,
such that
(1) KS +BS = (KX +B + S)|S,
(2) (X,B + S) is plt (resp. lc, ǫ-plt) if and only if (S,BS) is klt (resp.
lc, ǫ-klt),
(3) if (X,B + S) is plt, then for any codimension 1 point V of S, we
have
multV BS =
m− 1 +∑i nibi
m
for some non-negative integers ni, where m is the order of the cyclic
group Weil(OX,V ),
(4) if (X,B + S) is ǫ-plt, then |Weil(OX,V )| ≤ ⌊1ǫ ⌋. In particular, for
any Q-Cartier Weil divisor D on X, rD|S is a Weil divisor, where
r = ⌊1ǫ ⌋!, and
(5) if bi belongs to a DCC set, then the coefficients of BS belong to a
DCC set.
Furthermore, if (X,B + S) is dlt and KX + ∆ + S is R-Cartier for some
∆ =
∑
δiBi ≥ 0 and S 6⊂ Supp∆, then there exists a naturally defined
R-divisor ∆S on S, such that KS + ∆S = (KX + ∆ + S)|S , and for any
codimension 1 point V of S, we have
multV ∆S =
m− 1 +∑i n′iδi
m
for some non-negative integers n′i, where m is the order of the cyclic group
Weil(OX,V ).
Proof. (1),(2),(3),(4) follow from [Sho92, §3],[Kol+92, §16],[Kaw07],[BCHM10,
1.4.5], and (5) follows from [HMX14, Lemma 3.4.1].
Suppose that (X,B+S) is dlt. Then there exists a small Q-factorialization
f : (X ′, B′ + S′) → (X,B + S). In particular, the codimension of the
exceptional locus of f in X ′ is at least 2. Thus X is Q-factorial in
codimension 2. In particular, (X,S) is dlt in codimension 2, and the
statement about KX+∆+S follows from [Sho92, §3] and [Kol+92, §16]. 
3.2. Plt blow-ups.
Definition 3.11 (Plt blow-ups). Let (X ∋ x,B) be a klt germ and ǫ a
positive real number.
A plt blow-up of (X ∋ x,B) (resp. an ǫ-plt blow-up of (X ∋ x,B)) is a
blow-up f : Y → X with the exceptional divisor E over X ∋ x, such that
• (Y,BY + E) is plt (resp. ǫ-plt) near E, where BY is the strict
transform of B on Y , and
• −E is ample over X.
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The divisor E is called a reduced component of (X ∋ x,B), and we also call
it the reduced component of f .
A Q-factorial weak plt blow-up of (X ∋ x,B) (resp. Q-factorial weak ǫ-plt
blow-up of (X ∋ x,B)) is a blow-up f : Y → X with the exceptional divisor
E, such that
• (Y,BY +E) is Q-factorial plt (resp. Q-factorial ǫ-plt) near E, where
BY is the strict transform of B on Y ,
• −E is nef over X,
• −(KY +BY + E)|E is big, and
• f−1(x) = SuppE.
The divisor E is called a weak reduced component of the germ (X ∋ x,B),
and we also call it the reduced component of f .
Lemma 3.12 ([Sho96, 3.1],[Pro00, Proposition 2.9],[Kud01, Theorem
1.5],[Xu14, Lemma 1]). Assume that (X ∋ x,B) is a klt germ such that
dimX ≥ 2. Then there exists a plt blow-up of (X ∋ x,B).
Lemma 3.13. Let (X ∋ x,B) be a klt germ. Suppose that (X ∋ x,B) has
an ǫ-plt blow-up f : Y → X, then (X ∋ x,B) has a Q-factorial weak ǫ-plt
blow-up f ′ : W → X. In particular, f ′ can be constructed as the composition
of f and a small Q-factorialization g : W → Y near the reduced component
of f .
Proof. Let E be the reduced component of f . Since (Y,BY +E) is plt near
E, by [BCHM10, Corollary 1.4.3], there exists a small Q-factorialization
g : W → Y near E. Then
−(KW +BW + EW ) := −g∗(KY +BY + E)
is big and nef over X, where BW and EW are the strict transforms of BY and
E on W respectively. Since −EW = −g∗E is nef over X and centerX EW =
x, by the negativity lemma, SuppEW coincides with the fiber over x.
Since (W,BW +EW ) and (Y,BY +E) are plt near EW and E respectively,
EW and E are normal. The induced birational morphism g|EW : EW → E
is a contraction. Thus
(KW +BW +EW )|EW = g|∗EW ((KY +BY + E)|E),
and −(KW +BW + EW )|EW is big and nef. 
Definition 3.14 (Exceptional singularities). Let (X ∋ x,B) be an lc germ.
We say that (X ∋ x,B) is an exceptional singularity, if for any R-divisor G ≥
0 on X such that (X ∋ x,B +G) is lc, there exists at most one exceptional
prime b-divisor E over X, such that x ∈ centerX E and a(E,X,B+G) = 0.
We also say that (X ∋ x,B) is exceptional.
Remark-Definition 3.15 (Reduced component of exceptional singulari-
ties). By Lemma 3.16 below, for any klt exceptional singularity (X ∋ x,B),
there exists a unique plt blow-up f : Y → X of (X ∋ x,B). In this situation,
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the reduced component of f will also be called the reduced component of
(X ∋ x,B).
The following lemma is a slight generalization of [PS01, Corollary 2.6,
Corollary 2.7] and [MP99, Proposition 2.7]. For readers’ convenience, we
give a full proof here.
Lemma 3.16. Let (X ∋ x,B) be an exceptional singularity. Then there
exists a unique prime b-divisor E over X ∋ x satisfying the following.
For any R-divisor G ≥ 0 on X, if (X ∋ x,B+G) is lc but not klt, then E
is the only lc place of (X,B +G) whose center on X contains x. Moreover,
if dimX ≥ 2 and (X ∋ x,B) is klt, then there exists a unique plt blow-up of
(X ∋ x,B) with the reduced component E.
Proof. Suppose that there exist two R-Cartier R-divisors G1 ≥ 0, G2 ≥ 0 on
X and a log resolution g :W → X of (X,B+G1+G2) near a neighborhood
of x with prime exceptional divisors E1, . . . , En for some n ≥ 2, such that
• x ∈ centerX Ei for every 1 ≤ i ≤ n,
• (X ∋ x,B +G1) and (X ∋ x,B +G2) are lc, and
• a(Ei,X,B +Gi) = 0 for i ∈ {1, 2}.
For any real number 0 ≤ s ≤ 1, we define
t(s) := lct(X ∋ x,B + sG1;G2).
Then t(s) is monotonically decreasing, t(0) = 1 and t(1) = 0. For any s,
there exists 1 ≤ k ≤ n, such that Ek is the only lc place of (X,B + sG1 +
t(s)G2) with x ∈ centerX Ek. Let
s0 := inf{s ≥ 0 | E2 is not an lc place of (X ∋ x,B + sG1 + t(s)G2)}.
s0 is well-defined because E2 is not an lc place of (X ∋ x,B + G1). By
continuity of log discrepancies, there exist two different lc places of the lc
germ (X ∋ x,B + s0G1 + t(s0)G2), a contradiction.
Suppose that centerX E 6= x, and a(E,X,B +G) = 0 for some R-divisor
G ≥ 0. Let H ∋ x be a general hyperplane section of X. Then c := lct(X ∋
x,B +G;H) > 0, and (X,B +G+ cH) has at least two lc places near x, a
contradiction.
If (X ∋ x,B) is klt, then we may let f : Y → X be a plt blow-up of
(X ∋ x,B), E˜ the reduced component of f , and BY the strict transform of
B on Y . First, we show that E˜ = EY , where EY is the center of E on Y .
Since −(KY + BY + E˜) is ample over X, there exists an R-divisor GY ≥ 0
on Y such that KY + BY + E˜ +GY ∼R 0/X and (Y,BY + E˜ + GY ) is plt
near E˜. Let KX+B+G := f∗(KY +BY + E˜+GY ). Since (X ∋ x,B+G) is
lc and a(E˜,X,B+G) = 0, we have E˜ = EY . Next, we show the uniqueness
of f . Let h : V → X be a log resolution of (X,B + G). Then V 99K Y is
the ample model of −EV over X, where EV is the center of E on V . The
uniqueness of plt blow-up of (X ∋ x,B) follows from the uniqueness of the
ample model. 
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3.3. Complements.
Definition 3.17 (Complements). Let X → Z be a contraction between
normal quasi-projective varieties, B ≥ 0 an R-divisor on X, and z ∈ Z
a (not necessarily closed) point. We say that (X/Z ∋ z,B+) is an R-
complement of (X/Z ∋ z,B) if B+ ≥ B, (X,B+) is lc and KX + B+ ∼R 0
over some neighborhood of z. We say that (X/Z ∋ z,B) is R-complementary
if (X/Z ∋ z,B) has an R-complement (X/Z ∋ z,B+).
Let n be a positive integer. We say that (X/Z ∋ z,B+) is an n-
complement of (X/Z ∋ z,B) if over some neighborhood of z,
(1) (X,B+) is lc,
(2) n(KX +B
+) ∼ 0, and
(3) B+ ≥ ⌊B⌋+ 1n⌊(n + 1){B}⌋.
We say that (X/Z ∋ z,B+) is a monotonic n-complement of (X/Z ∋ z,B)
if we additionally have B+ ≥ B.
If dimZ = 0, for simplicity, we will omit z, and say (X,B+) is an R-
complement (resp. n-complement, monotonic n-complement) of (X,B).
If for any z ∈ Z, (X/Z ∋ z,B+) is an R-complement (resp. n-complement,
monotonic n-complement) of (X/Z ∋ z,B), then we may also omit z and
say (X/Z,B+) is an R-complement (resp. n-complement, monotonic n-
complement) of (X/Z,B). We say that (X/Z,B) is R-complementary if
(X/Z,B) has an R-complement.
IfX → Z is the identity map, we may omit Z and say (X ∋ z,B+) is an R-
complement (resp. n-complement, monotonic n-complement) of (X ∋ z,B),
and in this case, we also say (X,B+) is a local R-complement (resp. local
n-complement, monotonic local n-complement) of (X,B) near z.
Remark 3.18. We will use the following fact many times in our paper. See
[Bir19, 6.1] for a proof.
Let (X,B) be a pair and X → Z a contraction. Assume that X 99K Y
is a partial MMP over Z on −(KX + B) and BY is the strict transform
of B on Y . If (Y/Z,BY ) has a monotonic n-complement (resp. R-
complement) (Y/Z,B+Y ), then (X/Z,B) has a monotonic n-complement
(resp. R-complement) (X/Z,B+).
We need the following theorem which is conjectured in [PS09] and proved
by Birkar [Bir19].
Theorem 3.19 ([Bir19, Theorem 1.7, Theorem 1.8]). Let d be a positive
integer and Γ0 ⊂ [0, 1] a finite set of rational numbers. Then there exists a
positive integer n depending only on d and Γ0 satisfying the following.
Assume that (Y,BY ) is a pair and Y → X is a contraction such that
(1) (Y,BY ) is lc of dimension d,
(2) BY ∈ Γ0,
(3) Y is of Fano type over X, and
(4) −(KY +BY ) is nef over X.
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Then for any point x ∈ X, there exists a monotonic n-complement (Y/X ∋
x,B+Y ) of (Y/X ∋ x,BY ).
The following corollary is a simple consequence of Theorem 3.19.
Corollary 3.20. Let d be a positive integer and Γ0 ⊂ [0, 1] a finite set of
rational numbers. Then there exists a positive integer n depending only on
d and Γ0 satisfying the following. Assume that (X ∋ x,B) is an lc germ of
dimension d, such that
(1) B ∈ Γ0,
(2) (X ∋ x,∆) is a klt germ for some boundary ∆,
(3) there exists either a plt blow-up or a Q-factorial weak plt blow-up
f : Y → X of (X ∋ x,∆) with the reduced component E, and
(4) (Y,BY + E) is lc, where BY is the strict transform of B on Y .
Then there exists a Q-Weil divisor GY ≥ 0 on Y , such that nGY is a
Weil divisor and (Y/X ∋ x,BY + E +GY ) is an n-complement of (Y/X ∋
x,BY + E).
Proof. Let ∆Y be the strict transform of ∆ on Y . Since (X ∋ x,∆) is a
klt germ, (Y,∆Y + E) is plt near E, and −E is big and nef over X. Hence
(Y,∆Y + (1− ǫ)E) is klt near E and −(KY +∆Y + (1− ǫ)E) is big and nef
over X for some 0 < ǫ≪ 1. Thus Y is of Fano type over a neighborhood x.
Since (X ∋ x,B) is an lc germ,
KY +BY + E = f
∗(KX +B) + αE
for some α ≥ 0. Hence −(KY + BY + E) is nef over X, and the corollary
follows from Theorem 3.19. 
Lemma 3.21. Let X → Z be a contraction. Suppose that X is of Fano type
over Z, (X/Z,B) is R-complementary for some boundary B, and f : Y → X
is a birational contraction from a normal quasi-projective variety Y , such
that a(Ei,X,B) < 1 for any prime exceptional divisor Ei of f . Then Y is
of Fano type over Z.
Proof. Since X is of Fano type over Z, there exists a klt pair (X,C), such
that −(KX +C) is big and nef over Z. Let (X/Z,B+) be an R-complement
of (X/Z,B), and Dt = tB
++(1− t)C. Then (X,Dt) is klt and −(KX +Dt)
is big and nef over Z for any t ∈ [0, 1). We have
KY +B
+
Y +
∑
(1− a+i )Ei = f∗(KX +B+)
and
KY + CY +
∑
(1− ai)Ei = f∗(KX + C),
where B+Y and CY are the strict transforms of B
+ and C on Y respectively,
Ei are the exceptional divisors of f , a
+
i = a(Ei,X,B
+), and ai =
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a(Ei,X,C). Then
KY +Dt,Y := f
∗(KX +Dt)
=KY + tB
+
Y + (1− t)CY +
∑
(t(1− a+i ) + (1− t)(1− ai))Ei.
Pick 0 < t0 < 1 such that t0(1 − a+i ) + (1 − t0)(1 − ai) ≥ 0 for any i. Thus
−(KY +Dt0,Y ) is big and nef over Z, (Y,Dt0,Y ) is klt, and Y is of Fano type
over Z. 
The following lemma shows that any klt exceptional singularity (X ∋
x,B) admits an ǫ-plt blow-up if the coefficients of B belong to a DCC set.
The proof is similar to [Bir19, Proposition 7.2].
Lemma 3.22. Let d ≥ 2 be a positive integer and Γ ⊂ [0, 1] a DCC
set. Then there exists a positive real number ǫ depending only on d and
Γ satisfying the following.
Let (X ∋ x,B) be a klt exceptional singularity of dimension d such that
B ∈ Γ, and f : Y → X the unique plt blow-up of (X ∋ x,B) with the reduced
component E. Then for any R-complement (Y/X ∋ x,BY + E + GY ) of
(Y/X ∋ x,BY +E), (Y,BY +E+GY ) is ǫ-plt near E, where BY is the strict
transform of B on Y . In particular, f is an ǫ-plt blow-up of (X ∋ x,B).
Proof. By Theorem 3.9, we may let
1− ǫ := max{t | t ∈ LCT(Γ ∪ {1},N, d), 0 < t < 1}.
We will show that ǫ satisfies the required properties.
Suppose that there exists a prime b-divisor F 6= E over X ∋ x, such that
a := a(F, Y,BY + E +GY ) < ǫ.
We construct a birational morphism g : W → Y in the following way.
If F ⊂ Y , then we let g be a small Q-factorialization. If F 6⊂ Y , then we
let g be a birational contraction which extracts exactly F , such that W is
Q-factorial. The existence of g follows from [BCHM10, Corollary 1.4.3].
By Lemma 3.21,W is of Fano type over neighborhood of x. Let EW be the
strict transform of E on W , KW +BW +EW the pullback of KY +BY +E,
and GW the pullback of G. Let FW be the center of F on W and c the
coefficient of FW in GW . The coefficient of FW in KW + BW + EW + cFW
is 1− a > 1− ǫ, and (W/X ∋ x,BW + EW + cFW ) is R-complementary.
By the construction of ǫ, (W,BW + EW + (a + c)FW ) is lc near EW .
Running an MMP on −(KW +BW +EW +(a+ c)FW ) over a neighborhood
of x, we get a model W ′ on which −(KW ′ +BW ′+EW ′+(a+ c)FW ′) is nef,
where BW ′ , EW ′ and FW ′ are the strict transforms of BW , EW and FW on
W ′ respectively.
We claim that FW is not contracted in the MMP. Otherwise,
q∗(KW ′ +BW ′ + EW ′)
=q∗(KW ′ +BW ′ + EW ′ + (a+ c)FW ′)
≥p∗(KW +BW + EW + (a+ c)FW ),
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and
a(F,KW ′ +BW ′ + EW ′) > a(F,W,BW + EW + (a+ c)FW ),
where p : W˜ → W , q : W˜ →W ′ is a resolution of W 99K W ′. In particular,
KW ′+BW ′+EW ′ is not lc over a neighborhood of x. This is a contradiction
as KW ′ +BW ′ +EW ′ +GW ′ ∼R,X 0 and (W ′, BW ′ +EW ′ +GW ′) is lc over
a neighborhood of x, where GW ′ is the strict transform of GW on W
′. The
claim is proved.
Since (W/X ∋ x,BW + EW + cFW ) is R-complementary, (W ′/X ∋
x,BW ′ + EW ′ + cFW ′) is also R-complementary. By the construction of ǫ,
(W ′/X ∋ x,BW ′+EW ′+(a+ c)FW ′) is lc. Hence (W ′/X ∋ x,BW ′+EW ′+
(a + c)FW ′) is R-complementary as −(KW ′ + BW ′ + EW ′ + (a + c)FW ′)
is nef over X and W ′ is of Fano type over a neighborhood of x. Let
(W ′/X ∋ x,BW ′ + EW ′ + (a + c)FW ′ + DW ′) be an R-complement of
(W ′/X ∋ x,BW ′ + EW ′ + (a+ c)FW ′). We define
KX +∆ := f∗g∗p∗q∗(KW ′ +BW ′ + EW ′ + (a+ c)FW ′ +DW ′),
then (X ∋ x,∆) is an R-complement of (X ∋ x,B). Since FW and E
are lc places of (X ∋ x,∆) over X ∋ x, (X ∋ x,B) is not exceptional, a
contradiction. 
3.4. Bounded families.
Definition 3.23. A couple consists of a normal projective variety X and a
divisor D on X such that D is reduced. Two couples (X,D) and (X ′,D′)
are isomorphic if there exists an isomorphism X → X ′ mapping D onto D′.
A set P of couples is bounded if there exist finitely many projective
morphisms V i → T i of varieties and reduced divisors Ci on V i such that
for each (X,D) ∈ P, there exists i, a closed point t ∈ T i, and two couples
(X,D) and (V it , C
i
t) are isomorphic, where V
i
t and C
i
t are the fibers over t
of the morphisms V i → T i and Ci → T i respectively.
A set C of projective pairs (X,B) is said to be log bounded if the set of the
corresponding set of couples {(X,SuppB)} is bounded. A set D of projective
varieties X is said to be bounded if the corresponding set of couples {(X, 0)}
is bounded. A log bounded (resp. bounded) set is also called a log bounded
family (resp. bounded family).
The following theorem was known as Borisov-Alexeev-Borisov conjecture,
and is proved by Birkar.
Theorem 3.24 (BBAB Theorem, [Bir16, Theorem 1.1]). Let d be a positive
integer and ǫ a positive real number. Then the projective varieties X such
that
(1) (X,B) is ǫ-lc of dimension d for some boundary B, and
(2) −(KX +B) is big and nef
form a bounded family.
18 J. Han, J. Liu and V.V. Shokurov
Lemma 3.25. Let d be a positive integer and ǫ a positive real number. Then
there exists a positive real number v depending only on d and ǫ satisfying
the following. Suppose that
(1) (X,∆) is projective ǫ-lc of dimension d, and
(2) −(KX +∆) is big and nef,
then vol(−(KX +B)) ≤ v for any pair (X,B).
Proof. Let f : (X ′,∆′) → (X,∆) be a small Q-factorialization, and KX′ +
B′ := f∗(KX +B). Possibly replacing (X,∆) with (X ′,∆′) and B with B′,
we may assume that X is Q-factorial.
Since X is of Fano type, we may run a (−KX)-MMP and reach a model
Y on which −KY is nef. By [Bir19, Theorem 1.6], there exists a positive
real number v depending only on d and ǫ, such that
vol(−(KX +B)) ≤ vol(−KX) = vol(−KY ) ≤ v.

Lemma 3.26. Let d be a positive integer, ǫ a positive real number and
Γ0 ⊂ [0, 1] a finite set. Then there exists a finite set Γ′ depending only on
d, ǫ and Γ satisfying with the following.
If (X,B) is projective ǫ-lc of dimension of d, B ∈ Γ, and −(KX + B) is
big and nef, then vol(−(KX +B)) ∈ Γ′.
Proof. Suppose that there exists a sequence of pairs (Xi, Bi), such that
(Xi, Bi) is ǫ-lc, Bi ∈ Γ, −(KXi + Bi) is big and nef, and vol(−(KXi + Bi))
is strictly increasing or strictly decreasing.
Let (X ′i , B
′
i) → (Xi, Bi) be a small Q-factorialization. Possibly replacing
(Xi, Bi) with (X
′
i, B
′
i), we may assume that Xi is Q-factorial. By Theorem
3.24, (Xi, Bi) belongs to a log bounded family.
Possibly passing to a subsequence of (Xi,SuppBi), we may assume that
there exist a projective morphism V → T of varieties, a reduced divisor C =∑
Cj on V , and a dense set of closed points ti ∈ T such that Xi is the fiber of
V → T over ti, and each component of SuppBi is a fiber of Cj → T over ti for
some j. Since Xi is normal, possibly replacing V with its normalization and
replacing C with its inverse image with reduced structure, we may assume
that V is normal. Possibly shrinking T , using Noetherian induction, passing
to a subsequence of (Xi,SuppBi), and according to [HX15, Proposition 2.4],
we may assume that V → T is flat, Cj → T is flat, Cj is Q-Cartier and KV
is klt for any j and t ∈ T .
We may assume that Bi =
∑
j b
j
iCj |ti , where bji ∈ Γ. Possibly passing to
a subsequence, we may assume that bji is a constant for each j.
For each j, let aji be a sequence of increasing rational numbers, such
that aji ≤ bj1 and limi→+∞ aji = bj1. Let Bi1 :=
∑
j a
j
iCj |t1 and Bi2 :=∑
j a
j
iCj|t2 . By the asymptotic Riemann-Roch theorem and the invariance
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of Euler characteristic in a flat family, we have
vol(−(KX1 +B1)) = (−(KX1 +B1))d = lim
i→+∞
(−(KX1 +Bi1))d
= lim
i→+∞
(−(KX2 +Bi2))d = (−(KX2 +B2))d = vol(−(KX2 +B2)),
a contradiction. 
We need the following lemma, which may be well-known to experts. For a
proof, see [Jia18, Lemma 2.5], [DS16, Lemma 4.2], [CDHJS18, Lemma 2.1].
Lemma 3.27. Let X be a normal projective variety, D an R-Cartier R-
divisor, and S a base-point free normal Cartier prime divisor. Then for any
positive real number q,
vol(X,D + qS) ≤ vol(X,D) + q(dimX) vol(S,D|S + qS|S).
The proof of the following proposition was suggested by Christopher
Hacon and Chen Jiang.
Proposition 3.28. Let d be an integer, ǫ a positive real number, and Γ ⊂
[0, 1] a DCC set. Then there exists an ACC set Γ′ depending only on d, ǫ
and Γ satisfying the following.
If (X,B) is projective ǫ-lc of dimension d, B ∈ Γ, and −(KX +B) is big
and nef, then vol(−(KX +B)) ∈ Γ′.
Proof. Suppose that there exists a sequence of pairs (Xi, Bi), such that
(Xi, Bi) is ǫ-lc, Bi ∈ Γ, −(KXi + Bi) is big and nef, and vol(−(KXi + Bi))
is strictly increasing.
Let (X˜i, B˜i) → (Xi, Bi) be a small Q-factorialization. Possibly replacing
(Xi, Bi) with (X˜i, B˜i), we may assume that Xi is Q-factorial. By Theorem
3.24, (Xi, Bi) belongs to a log bounded family. In particular, the number of
irreducible components of Bi is bounded from above. Possibly passing to a
subsequence, we may assume that
Bi =
m∑
j=1
bi,jBi,j,
where m is a non-negative integer, Bi,j are the irreducible components of
Bi, bi,j ∈ Γ, and {bi,j}∞i=1 is an increasing sequence for every 1 ≤ j ≤ m.
Let
bj := lim
i→+∞
bi,j, and Bi :=
m∑
j=1
bjBi,j.
Claim 3.29. There exists a sequence of positive real numbers ǫi, such that
limi→+∞ ǫi = 0, and
ǫi(−(KXi +Bi))− (Bi −Bi)
is effective.
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Suppose that the claim is true. Possibly passing to a subsequence, we
may assume that ǫi < 1 for every i. Then
−(KXi +Bi)− (1− ǫi)(−(KXi +Bi)) = ǫi(−(KXi +Bi))− (Bi −Bi)
is effective and −(KXi +Bi) is big. Thus
vol(−(KXi +Bi)) ≥(1− ǫi)d vol(−(KXi +Bi))
≥(1− ǫi)d vol(−(KXi +Bi)).
We may run a −(KXi + Bi)-MMP, and reach a minimal model Xi 99K
X ′i. Since −(KXi + Bi) is big and nef, there exists Di ≥ 0, such that
KXi + Bi +Di ∼R 0 and (Xi, Bi +Di) is ǫ-lc. Thus KX′i + Bi′ +D′i ∼R 0,
and (X ′i, B
′
i + D
′
i) is ǫ-lc, where B
′
i and D
′
i are the strict transforms of Bi
and Di on X
′
i. By [Bir16, Corollary 1.2], (X
′
i, B
′
i) belongs to a log bounded
family. By taking a log resolution on the log bounded family, and possibly
passing to a subsequence, we may assume that (X ′i, Bi
′
) is ǫ-lc, where Bi
′
is
the strict transform of Bi on X
′
i. By Lemma 3.26,
vol(−(KXi +Bi)) = vol(−(K ′Xi +Bi
′
))
belongs to a finite set. Possibly passing to a subsequence, we may assume
that vol(−(KXi +Bi)) = C is a constant. Hence
C
(1− ǫi)d ≥ vol(−(KXi +Bi)) ≥ C.
Since ǫi → 0 and vol(−(KXi+Bi)) is increasing, we deduce that vol(−(KXi+
Bi)) belongs to a finite set, a contradiction. 
Proof of Claim 3.29. Let Ai be a very ample divisor on Xi, such that
δiAi − (Bi −Bi)
is effective for some positive real number δi, limi→+∞ δi = 0, and (−(KXi +
Bi))
d−1 · Ai < a, where a is a positive real number depending only on d, ǫ
and Γ. There exists a positive real number b, such that
b <
(−(KXi +Bi))d
d(−(KXi +Bi))d−1 · Ai
=
vol(−(KXi +Bi))
d(−(KXi +Bi))d−1 · Ai
.
By Lemma 3.27, we have
vol(−(KXi +Bi)− bAi)
≥ vol(−(KXi +Bi))− bd vol(−(KXi +Bi)|Ai)
> vol(−(KXi +Bi))−
vol(−(KXi +Bi))
(−(KXi +Bi))d−1 ·Ai
· ((−(KXi +Bi))d−1 · Ai)
=0,
which implies that
−(KXi +Bi)− bAi
is effective.
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Let ǫi :=
δi
b , then
ǫi(−(KXi +Bi))− (Bi−Bi) = (ǫi(−(KXi +Bi))− bǫiAi)+(δiAi− (Bi−Bi))
is effective, and the claim is proved. 
Lemma 3.30. Let d be a positive integer and ǫ, ǫ0 two positive real numbers.
Then there exists a positive integer m depending only on d, ǫ and ǫ0 satisfying
the following. Suppose that
(1) (X,∆) is projective ǫ-lc of dimension d,
(2) −(KX +∆) is big and nef,
(3) L is a nef Weil divisor on X, and
(4) −(KX +B)− ǫ0L is pseudo-effective for some R-divisor B ≥ 0,
then mL is Cartier.
Proof. Let (X ′,∆′) → (X,∆) be a small Q-factorialization, KX′ + B′ the
pullback of KX + B, and L
′ the pullback of L. By Theorem 3.24, X ′ is
bounded. In particular, there exists a very ample divisor A′ on X ′ and a
positive real number r depending only on d and ǫ, such that A′d ≤ r and
−KX′ · A′d−1 ≤ r. We have
ǫ0L
′ ·A′d−1 ≤ −(KX′ +B′) ·A′d−1 ≤ −KX′ ·A′d−1 ≤ r.
By [Bir19, Lemma 2.25], there exists a positive integer m depending only
on d, r and ǫ0, such that mL
′ is Cartier.
Since X ′ → X is a blow up, there exists a Q-divisor H ′ ≥ 0 on X ′, such
that −H ′ is ample over X. In particular, KX′ +∆′ +H ′ is antiample over
X. Rescaling it we can assume that (X ′,∆′+H ′) is klt. Then X ′ → X is a
(KX′+∆
′+H ′)-negative contraction of an extremal face of the Mori-Kleiman
cone of X ′. According to the cone theorem, mL is Cartier. 
It is expected that the following more general statement holds.
Question 3.31. Suppose that projective klt pairs (X,B) belong to a log
bounded family. Is there a positive integer I such that the Cartier index of
any Q-Cartier Weil divisor on X is bounded from above by I?
Remark 3.32. IfX is a fixed projective variety, then the above question has
a positive answer (cf. [CH20, Lemma 7.14]). By applying the methods and
results in [KM92, dFH11], we may show the above question has a positive
answer for weak log Fano pairs.
3.5. Normalized volumes.
Definition 3.33 (Normalized volumes). Let (X ∋ x,B) be a klt germ. Let
E be the reduced component of a plt blow-up f : Y → X of (X ∋ x,B).
We define the normalized volume of E with respect to (X ∋ x,B) as
v̂ol(E,X,B) := (−(KY + E + f−1∗ B)|E)d−1 · a(E,X,B),
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where d := dimX. The normalized volume of (X ∋ x,B) is defined as
v̂ol(X ∋ x,B) := inf
E
v̂ol(E,X,B),
where the above infimum takes over all the possible reduced components of
(X ∋ x,B).
Lemma 3.34 ([KM98, Proposition 5.20]). Let (X ∋ x,B) be an lc germ
and h : X ′ ∋ x′ → X ∋ x a finite morphism, where x′ ∈ X ′ is a closed
point and h(x′) = x. Suppose that there exists an R-divisor B′ ≥ 0 such
that KX′ +B
′ = h∗(KX +B). Then
(1) for any prime divisor E over X, a(E′,X ′, B′) = ra(E,X,B), where
E′ is the corresponding prime divisor of E over X ′, 0 < r ≤ deg h
is an integer, and
(2) if (X ∋ x,B) is a klt (resp, ǫ-lc) germ, then (X ′ ∋ x′, B′) is a klt
(resp. ǫ-lc) germ.
Lemma 3.35. Let (X ∋ x,B) and (X ′ ∋, B′) be klt germs. Suppose that
there exists a finite morphism h : (X ′ ∋ x′, B′) → (X ∋ x,B), such that
h∗(KX + B) = KX′ +B′. Let E be the reduced component of a plt blow-up
f : Y → X of (X ∋ x,B), Y ′ the main component of Y ×XX ′, f ′ : Y ′ → X ′
the induced morphism, and E′ the exceptional divisor of f ′. Then E′ is the
reduced component of (X ′ ∋ x′, B′). In particular, if f is an ǫ-plt blow-up of
(X ∋ x,B), then f ′ is an ǫ-plt blow-up of (X ′ ∋ x′, B′).
Moreover,
deg f · v̂ol(E,X,B) = v̂ol(E′,X ′, B′).
Proof. The lemma follows from [LX16, Lemma 2.9], Lemma 3.34 and [LX16,
Lemma 2.10]. 
Definition 3.36. Assumptions and notation as in Lemma 3.35. We say
that E′ is the component corresponding to E with respect to h.
4. Boundedness of local algebraic fundamental groups
The goal of this section is to prove Theorem 1.6.
4.1. Boundedness of log discrepancies and normalized volumes.
Lemma 4.1. Let d be a positive integer and ǫ, δ two positive real numbers.
Suppose that (X ∋ x,B) is a germ of dimension d, such that
(1) all the (nonzero) coefficients of B are ≥ δ,
(2) (X ∋ x,∆) is a klt germ for some boundary ∆,
(3) there exists either an ǫ-plt blow-up or a Q-factorial weak ǫ-plt blow-up
f : Y → X of (X ∋ x,∆) with the reduced component E, and
(4) −(KY + BY + E)|E is pseudo-effective, where BY is the strict
transform of B on Y .
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Then (E,DiffE(BY )) belongs to a log bounded family. Moreover, if all the
coefficients of B belong to a DCC (resp. finite) set Γ ⊂ [0, 1], then all the
coefficients of DiffE(BY ) belong to a DCC (resp. finite) set.
Remark 4.2. We remark that (E,DiffE(BY )) may not be lc.
Proof. Let ∆Y be the strict transform of ∆ on Y , and
KE +DiffE(∆Y ) := (KY +∆Y + E)|E .
By Theorem 3.10, (E,DiffE(∆Y )) is ǫ-klt. By Theorem 3.24, E belongs to
a bounded family. Hence there exists a very ample divisor H on E, such
that both Hd−1 and (−KE) ·Hd−2 are bounded from above.
Since −(KY +BY + E)|E is pseudo-effective,
−(KE +DiffE(BY )) ·Hd−2 ≥ 0.
We may assume that δ ≤ 12 . Since all the nonzero coefficients of B are ≥ δ,
by Theorem 3.10, we have
DiffE(BY ) ≥ δ Supp(DiffE(BY )).
Thus
SuppDiffE(BY ) ·Hd−2 ≤ DiffE(BY ) · 1
δ
Hd−2 ≤ 1
δ
(−KE) ·Hd−2
is bounded from above, and (E,DiffE(BY )) belongs to a log bounded family.
Let V be any irreducible component of DiffE(BY ). By Theorem 3.10,
multV DiffE(BY ) =
m− 1 +∑i nibi
m
and
multV DiffE(∆Y ) =
m− 1 +∑i n′iδi
m
for some positive integerm, non-negative integers ni, n
′
i, and bi, δi ∈ Γ, where
bi and δi are coefficients of BY and ∆Y respectively. Since (E,DiffE(∆Y ))
is ǫ-klt, m ≤ 1ǫ . Hence m belongs to a finite set. In particular, if Γ is a finite
set, then all the coefficients of DiffE(BY ) belong to a finite set. 
Proposition 4.3. Let d be a positive integer, ǫ a positive real number, and
Γ ⊂ [0, 1] a DCC set. Assume that
• (X ∋ x,B), (X ∋ x,∆) are two klt germs of dimension d, and
• there exists either an ǫ-plt blow-up or a Q-factorial weak ǫ-plt blow-up
f : Y → X of (X ∋ x,∆) with the reduced component E.
Then
(1) a(E,X,B) is bounded from above,
(2) if B ∈ Γ, then {a(E,X,B)} is an ACC set depending only on d, ǫ
and Γ, and
(3) if B ∈ Γ and we additionally assume that Γ is finite, then the only
possible accumulation point of {a(E,X,B)} is 0.
24 J. Han, J. Liu and V.V. Shokurov
Proof. Let a := a(E,X,B), BY the strict transform of B on Y , and
KE +BE := (KY +BY + E)|E .
Since f is either an ǫ-plt blow up or a Q-factorial weak ǫ-plt blow-up of
(X ∋ x,∆), by Theorem 3.24, E belongs to a bounded family, and if B ∈ Γ,
then by Lemma 4.1, (E,BE) is log bounded. Thus, we may pick a very
ample Cartier divisor H on E, such that −KE · Hd−2 is bounded from
above. In particular, there are only finitely many possibilities of KE ·Hd−2.
Moreover, BE ·Hd−2 ≤ −KE ·Hd−2 is bounded from above. If B ∈ Γ, then
by Lemma 4.1, all the coefficients of BE belong to a DCC set (finite set if
Γ is finite), hence BE ·Hd−2 belongs to a DCC set (finite set if Γ is finite),
and −(KE +BE) ·Hd−2 belongs to an ACC set (finite set if Γ is finite).
Let H1, . . . ,Hd−2 be general elements in |H|, C := E∩H1∩H2 · · ·∩Hd−2,
and r := ⌊1ǫ ⌋!. Since (Y,∆Y +E) is ǫ-plt near E, by Theorem 3.10, rE|E is
a Q-Cartier Weil divisor. In particular, −E ·C ∈ 1rN+ belongs to a discrete
set. We have
a
r
≤− aE · C = −(KY +BY + E) · C
=− (KE +BE) ·Hd−2 ≤ −KE ·Hd−2.
In particular, a is bounded from above.
Since (KY +BY + (1− a)E) · C = 0 and −E · C > 0, we have
a =
−(KY +BY + E) · C
−E · C .
Suppose that B ∈ Γ. Then −(KY + BY + E) · C = −(KE + BE) · Hd−2
belongs to an ACC set (finite set if Γ is finite), and a belongs to an ACC set
(an ACC set whose only possible accumulation point is 0 if Γ is finite). 
Proposition 4.4. Let d be a positive integer and ǫ0, ǫ two positive real
numbers. Then there exists a positive integer I depending only on d, ǫ0 and
ǫ satisfying the following. For any germ (X ∋ x,B) of dimension d, if
(1) a(E,X,B) ≥ ǫ0,
(2) (X ∋ x,∆) is a klt germ for some boundary ∆, and
(3) there exists either an ǫ-plt blow-up or a Q-factorial weak ǫ-plt blow-up
f : Y → X of (X ∋ x,∆) with the reduced component E,
then IE|E is Cartier.
Proof. Let a := a(E,X,B) and BY the strict transform of B on Y . We have
KY +BY + (1− a)E = f∗(KX +B).
Let
KE +BE := (KY +BY + E)|E ∼R aE|E ,
and r := ⌊1ǫ ⌋!. Since f is an ǫ-plt blow up of (X ∋ x,∆), by Theorem 3.10,
L := −rE|E is a Weil divisor on E. Since
−(KE +BE)− ǫ0
r
L ∼R −(a− ǫ0)E|E
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is nef, by Lemma 3.30, there exists a positive integer m depending only
on d, ǫ0 and ǫ, such that mL is Cartier. We get the desired I by letting
I := mr. 
Theorem 4.5. Let d be a positive integer, ǫ a positive real number, and
Γ ⊂ [0, 1] a DCC (resp. finite) set. Then for any klt germ (X ∋ x,B) of
dimension d, if
(1) there exists a plt blow-up f : Y → X of (X ∋ x,B) with the reduced
component E, and
(2) f is an ǫ-plt blow-up for some klt germ (X ∋ x,∆),
then v̂ol(E,X,B) is bounded from above, and v̂ol(E,X,B) is bounded from
below by a positive real number if and only if a(E,X,B) is bounded from
below by a positive real number.
Moreover, if B ∈ Γ, then v̂ol(E,X,B) belongs to an ACC set (resp. ACC
set whose only possible accumulation point is 0) depending only on d, ǫ and
Γ.
Proof. Let a := a(E,X,B), and BY , ∆Y the strict transforms of B, ∆ on
Y respectively. We have
KY +BY + (1− a)E = f∗(KX +B).
Let
KE +BE := (KY +BY + E)|E ∼R aE|E ,
and
KE +∆E := (KY +∆Y + E)|E ,
then by Theorem 3.10, (E,∆E) is ǫ-klt. By Lemma 3.25, vol(−(KE +BE))
is bounded from above. By Proposition 4.3, a is bounded from above. Thus
v̂ol(E,X,B) = a vol(−(KE +BE))
is bounded from above.
Suppose that a is bounded from below by a positive real number ǫ0. By
Proposition 4.4, there exists a positive integer I depending only on d, ǫ0 and
ǫ, such that IE|E is Cartier. Thus
v̂ol(E,X,B) =a vol(−(KE +BE)) = a vol(−aE|E)
=
ad
Id−1
vol(−IE|E) ≥ a
d
Id−1
≥ ǫ
d
0
Id−1
> 0
is bounded from below by a positive real number.
Now suppose that v̂ol(E,X,B) is bounded from below by a positive real
number. Since vol(−(KE +BE)) has an upper bound,
a =
v̂ol(E,X,B)
vol(−(KE +BE))
is bounded from below by a positive real number.
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If B ∈ Γ, then by Proposition 4.3, a belongs to an ACC set (resp. an
ACC set whose only possible accumulation point is 0). By Lemma 3.26 and
Proposition 3.28, vol(−(KE+BE)) belongs to an ACC set (resp. finite set).
Thus
v̂ol(E,X,B) = a vol(−(KE +BE))
belongs to an ACC set (resp. ACC set whose only possible accumulation
point is 0). 
4.2. Proof of Theorem 1.6. In this subsection, we prove Theorem 1.6.
First we show the following proposition.
Proposition 4.6. Let d be a positive integer and ǫ0, ǫ two positive real
numbers. Assume that
(1) (X ∋ x,B) is an ǫ0-lc germ of dimension d, and
(2) (X ∋ x,B) admits an ǫ-plt blow-up.
Then for any finite morphism g : X ′ ∋ x′ → X ∋ x such that KX′ + B′ =
g∗(KX+B) for some R-divisor B′ ≥ 0, deg g belongs to a finite set depending
only on d, ǫ0 and ǫ.
Proof. By Lemma 3.34, (X ′ ∋ x′, B′) is an ǫ0-lc germ. Let f : Y → X be
an ǫ-plt blow-up of (X ∋ x,B) with the reduced component E. By Lemma
3.35,
deg g =
v̂ol(E′,X ′, B′)
v̂ol(E,X,B)
,
where E′ is the component corresponding to E with respect to g, and the
induced blow-up f ′ : Y ′ → X ′ is an ǫ-plt blow-up.
By Theorem 4.5, v̂ol(E,X,B) is bounded from below by a positive real
number and v̂ol(E′,X ′, B′) is bounded from above. Thus deg g belongs to a
finite set. 
Proof of Theorem 1.6. This follows from Proposition 4.6. 
5. (n,Γ0)-decomposable R-complements
The goal of this section is to show Theorem 1.10, i.e., the existence of
(n,Γ0)-decomposable R-complements (Definition 1.9).
We use an example to illustrate our motivation.
Example 5.1. The existence of monotonic n-complements is useful in many
applications. However, monotonic n-complements may not exist even for P1.
Consider the pair(
X := P1, B :=
2−√2
2
(p1 + p2) +
√
2
2
(p3 + p4)
)
,
where p1, p2, p3, p4 are four different points on P
1. Then KX + B ∼R 0.
However, since the coefficients of B are not rational, n(KX+B) 6∼ 0 for any
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positive integer n. In particular, for any B+ ≥ B, n(KX +B+) 6∼ 0. Hence
there does not exist any monotonic n-complement of (X,B).
On the other hand, we may write
KX +B = a1(KX +B1) + a2(KX +B2),
as an R-linear sum of two lc pairs with rational coefficients, where (a1, a2) :=
(2−
√
2
2 ,
√
2
2 ), and (B1, B2) := (p1 + p2, p3 + p4). Moreover, both (X,B1) and
(X,B2) are monotonic 1-complements of themselves respectively. In this
sense, (X,B = a1B1+ a2B2) could be regarded as an “irrational monotonic
1-complement” of itself, and we say (X,B) is an (1, {a1, a2})-decomposable
R-complement of itself.
As we have seen in Example 5.1, the non-existence of monotonic n-
complement is due to the irrational coefficients of the pair. We will show
the existence of uniform lc rational polytopes and uniform R-complementary
rational polytopes in this section.
5.1. Uniform lc rational polytopes. We need the following useful result
of Nakamura which is related to accumulation points of log canonical
thresholds, and the proof is based on some ideas in [HMX14].
Theorem 5.2 ([Nak16, Theorem 1.6]). Fix three positive integers d, c,m.
Let r0 := 1, r1, . . . , rc be positive real numbers which are linearly independent
over Q. Let s1, . . . , sm : R
c+1 → R be Q-affine functions. Then there
exists a positive real number ǫ depending only on d, c,m, r1, . . . , rc and
s1, . . . , sm satisfying the following. For any Q-Gorenstein normal variety
X of dimension d and Q-Cartier Weil divisors D1, . . . ,Dm ≥ 0 on X, if
(X,
m∑
i=1
si(r0, . . . , rc)Di)
is lc, then
(X,
m∑
i=1
si(r0, . . . , rc−1, t)Di)
is lc for any t such that |t− rc| ≤ ǫ.
In Theorem 5.2, we will show that r1, . . . , rc are not necessarily positive,
X is not necessarily Q-Gorenstein, and D1, . . . ,Dc are not necessarily Q-
Cartier. See Corollary 5.5 for more details.
We first show the following lemma which should be known to experts.
Lemma 5.3. Let X be a normal variety, f : X → Z a contraction, and D
an R-Cartier R-divisor on X. Suppose that there exist a positive integer n,
real numbers r1, . . . , rn, and Q-divisors D1, . . . ,Dn on X, such that
(1) D =
∑n
i=1 riDi,
(2) r1, . . . , rn are linearly independent over Q, and
(3) D ∼R,Z 0,
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then for any 1 ≤ i ≤ n, Di ∼Q,Z 0. In particular, Di is Q-Cartier.
Proof. Since D ∼R,Z 0, we may write
D = −
m′∑
i=n+1
r′iD
′
i,
where for every n + 1 ≤ i ≤ m′, either D′i = f∗B′i for some Q-Cartier
Weil divisor Bi on Z, or D
′
i = Div(fi) for some rational function fi on X.
Therefore, there exist an integer n ≤ m ≤ m′ and real numbers rn+1, . . . , rm
which are linearly independent over Q, such that
D = −
m∑
j=n+1
rjDj ,
where Dj is a Q-linear combination of D
′
n+1, . . . ,D
′
m′ for every n+1 ≤ j ≤
m. Possibly reordering j for n+1 ≤ j ≤ m, we may assume that {r1, . . . , rk}
is a basis of SpanQ({r1, . . . , rm}) over Q for some k ≥ n.
There exist aj,i ∈ Q for k + 1 ≤ j ≤ m, 1 ≤ i ≤ k, such that
rj =
k∑
i=1
aj,iri.
We have
k∑
i=1
ri(Di +
m∑
j=k+1
aj,iDj) = 0.
Thus Di+
∑m
j=k+1 aj,iDj = 0 for every i, which implies that Di ∼Q,Z 0 and
Di is Q-Cartier for every 1 ≤ i ≤ n. 
Lemma 5.4. Let c,m be two positive integers, r1, . . . , rc real numbers,
s1, . . . , sm Q-linear functions: R
c+1 → R, X a normal variety and
D1, . . . ,Dm Weil divisors on X, such that r0 := 1, r1, . . . , rc are linearly
independent over Q and (X,
∑m
j=1 sj(r0, . . . , rc)Dj) is a pair. Then
(1) KX +
∑m
j=1 sj(1, x1, . . . , xc)Dj is R-Cartier for any real numbers
x1, . . . , xc,
(2) for every prime divisor E over X, if a(E,X,
∑m
j=1 sj(r0, . . . , rc)Dj) =
0, then a(E,X,
∑m
j=1 sj(1, x1, . . . , xc)Dj) = 0 for any real numbers
x1, . . . , xc, and
(3) if X → Z is a contraction, and KX +
∑m
j=1 sj(r0, . . . , rc)Dj ∼R,Z 0,
then KX +
∑m
j=1 sj(1, x1, . . . , xc)Dj ∼R,Z 0 for any real numbers
x1, . . . , xc.
Proof. For any 1 ≤ j ≤ m, suppose that sj(x0, . . . , xc) =
∑c
i=0mi,jxi for
some rational numbers m0,j, . . . ,mi,j. Then
KX +
m∑
j=1
sj(1, x1, . . . , xc)Dj = KX +
m∑
j=1
m0,jDj +
c∑
i=1
xi(
m∑
j=1
mi,jDj)
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for any real numbers x1, . . . , xc. (1) and (3) follow from Lemma 5.3
immediately.
By Lemma 5.3,
∑m
j=1mi,jDj is Q-Cartier for any 1 ≤ i ≤ c. Therefore, for
any prime divisor E over X such that a(E,X,
∑m
j=1 sj(r0, . . . , rc)Dj) = 0,
we have
a(E,X,
m∑
j=1
sj(1, x1, . . . , xc)Dj)
=a(E,X,
m∑
j=1
m0,jDj)−
c∑
i=1
ximultE(
m∑
j=1
mi,jDj)
for any real numbers x1, . . . , xc. In particular,
0 = a(E,X,
m∑
j=1
sj(r0, . . . , rc)Dj)
= a(E,X,
m∑
j=1
m0,jDj)−
c∑
i=1
rimultE(
m∑
j=1
mi,jDj).
Thus a(E,X,
∑m
j=1m0,jDj) = multE(
∑m
j=1mi,jDj) = 0 for any i, which
implies (2). 
Corollary 5.5. Fix three positive integers d, c,m and two non-negative
real numbers δ > δ′ ≥ 0. Let r0 := 1, r1, . . . , rc be real numbers which
are linearly independent over Q. Let s1, . . . , sm : R
c+1 → R be Q-
linear functions. Then there exist a positive real number ǫ depending only
d, c,m, r1, . . . , rc, s1, . . . , sm, and a positive real number ǫ
′ depending only on
d, c,m, r1, . . . , rc, s1, . . . , sm, δ, δ
′ satisfying the following. For any normal
variety X of dimension d and Weil divisors D1, . . . ,Dc ≥ 0 on X, let
∆(t) :=
m∑
i=1
si(r0, . . . , rc−1, t)Di,
then
(1) if (X,∆(rc)) is lc, then (X,∆(t)) is lc for any t such that |t−rc| ≤ ǫ,
and
(2) if (X,∆(rc)) is δ-lc (resp. δ-klt, δ-plt), then (X,∆(t)) is δ
′-lc (resp.
δ′-klt, δ′-plt) for any t such that |t− rc| ≤ ǫ′.
Proof. We first show (1). Let f : Y → X be a dlt modification of (X,∆(rc)),
such that
KY +
m∑
i=1
si(r0, . . . , rc)DY,i + E = f
∗(KX +∆(rc)),
where DY,i is the strict transform of Di on Y for any 1 ≤ i ≤ m, and E is
the sum of the reduced exceptional divisors of f .
30 J. Han, J. Liu and V.V. Shokurov
By Lemma 5.4, KX +∆(t) is R-Cartier and
KY +
m∑
i=1
si(r0, . . . , rc−1, t)DY,i + E = f∗(KX +∆(t))
for any t ∈ R.
For any i, suppose that si(x0, . . . , xc) =
∑c
j=0mi,jxj . Let
s′i(x0, . . . , xc) :=
c∑
j=0
(
|rj |
rj
·mi,j)xj.
Then s′i is a Q-linear function, and si(r0, . . . , rc) = s
′
i(|r0|, . . . , |rc|) for every
i. Since (Y,
∑m
i=1 s
′
i(|r0|, . . . , |rc|)DY,i + E) is Q-factorial dlt, by Theorem
5.2, there exists a positive real number ǫ depending only on d, c,m, r1, . . . , rc
and s1, . . . , sm, such that (Y,
∑m
i=1 si(r0, . . . , rc−1, t)DY,i +E) is lc for any t
such that |t− rc| ≤ ǫ. Thus (X,∆(t)) is lc for any t such that |t− rc| ≤ ǫ.
(2) follows from (1) by taking ǫ′ := δ−δ
′
δ ǫ. 
The next theorem shows the existence of uniform lc rational polytopes,
which follows from Corollary 5.5.
Recall that we say V ⊂ Rm is the rational envelope of v ∈ Rm if V is the
smallest affine subspace containing v which is defined over the rationals.
Theorem 5.6 (Uniform lc rational polytopes). Let d,m be two positive
integers, δ > δ′ ≥ 0 two real numbers, v = (v1, . . . , vm) ∈ Rm a point, and
V ⊂ Rm the rational envelope of v. Then there exists an open set U ∋ v of
V depending only on d,m, δ, δ′ and v satisfying the following.
Let X be a normal variety of dimension d, and B1, . . . , Bm ≥ 0 Weil
divisors on X. If (X,
∑m
i=1 viBi) is lc, then (X,
∑m
i=1 v
0
iBi) is lc for any
point (v01 , . . . , v
0
m) ∈ U .
Moreover, if (X,
∑m
i=1 viBi) is δ-plt (resp. δ-klt, δ-lc), then (X,
∑m
i=1 v
0
iBi)
is δ′-plt (resp. δ′-klt, δ′-lc).
Remark 5.7. If vi ∈ Q for any i, then U = V = {v}, and the theorem is
trivial. The key point of Theorem 5.6 is that U does not depend on X.
Proof of Theorem 5.6. There exist real numbers r0 := 1, r1, . . . , rc, such that
{r0, . . . , rc} is a basis of SpanQ({1, v1, . . . , vm}) over Q for some 0 ≤ c ≤ m.
When c = 0, U = V = {v}, and the theorem holds. In the following, we
may assume that c ≥ 1.
There exist Q-linear functions si : R
c+1 → R, such that si(r0, . . . , rc) = vi
for 1 ≤ i ≤ m, and the map
(s1(1, x1, . . . , xc), . . . , sm(1, x1, . . . , xc)) : R
c → V
is one-to-one. It suffices to show that there exists an open set Uc of R
c, such
that (r1, . . . , rc) ∈ Uc, and (X,
∑m
i=1 si(1, x1, . . . , xc)Bi) is lc (resp. δ-plt,
δ-klt, δ-lc) for any (x1, . . . , xc) ∈ Uc.
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We prove the theorem by induction on c. When c = 1, the theorem follows
from Corollary 5.5.
Assume that c ≥ 2. For simplicity, for every 1 ≤ i ≤ m, we let
si(t) := si(r0, . . . , rc−1, t).
By Corollary 5.5, there exist two positive real numbers ǫ1, ǫ2 depending
only on d, c,m, r1, . . . , rc, s1, . . . , sm, δ
′ and δ, such that rc+ ǫ1, rc− ǫ2 ∈ Q,
and both (X,
∑m
i=1 si(rc + ǫ1)Bi) and (X,
∑m
i=1 si(rc − ǫ2)Bi) are lc (resp.
δ+δ′
2 -plt,
δ+δ′
2 -klt,
δ+δ′
2 -lc).
By induction, there exists an open set Uc−1 of Rc−1, such that (r1, . . . , rc−1) ∈
Uc−1, and both
(X,
m∑
i=1
si(1, x1, . . . , xc−1, rc + ǫ1)Bi)
and
(X,
m∑
i=1
si(1, x1, . . . , xc−1, rc − ǫ2)Bi)
are lc (resp. δ′-plt, δ′-klt, δ′-lc) for any (x1, . . . , xc−1) ∈ Uc−1.
We get the desired Uc by letting Uc = Uc−1 × (rc − ǫ2, rc + ǫ1). 
5.2. Uniform R-complementary rational polytopes.
Definition 5.8. Let X be a normal variety, Di distinct prime divisors,
and di(t) R-affine functions: R → R. Then we call the formal finite sum∑
di(t)Di an R-affine functional divisor.
Definition 5.9. Let c be a non-negative real number, and Γ ⊂ [0,+∞) a
set of real numbers. For any R-affine functional divisor ∆(t) =
∑
i di(t)Di,
we write ∆(t) ∈ Dc(Γ) when the following conditions are satisfied.
(1) For any i, either di(t) = 1, or di(t) is of the form
m−1+f+kt
m , where
m ∈ N+, f ∈ {0} ∪ {∑1≤j≤l ij | ij ∈ Γ, l ∈ N+}, k ∈ Z, and
(2) f + kt above can be written as f + kt =
∑
j(fj + kjt), where fj ∈
Γ ∪ {0}, kj ∈ Z, and fj + kjc ≥ 0 holds for any j.
Definition 5.10. Let d be a positive integer and Γ ⊂ [0,+∞) a set of
real numbers. We define Bd(Γ) ⊂ [0,+∞) as follows: c ∈ Bd(Γ) if and
only if there exist a Q-factorial normal projective variety X and an R-affine
functional divisor ∆(t) on X satisfying the following.
(1) dimX ≤ d,
(2) ∆(t) ∈ Dc(Γ),
(3) (X,∆(c)) is lc,
(4) KX +∆(c) ≡ 0, and
(5) KX +∆(c
′) 6≡ 0 for some c′ 6= c.
We need the following result of Nakamura.
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Theorem 5.11 ([Nak16, Theorem 3.8]). Let d ≥ 2 be an integer and Γ ⊂
[0,+∞) a finite set. The accumulation points of Bd(Γ) belong to Bd−1(Γ).
In particular, the accumulation points of Bd(Γ) belong to SpanQ(Γ ∪ {1}).
Remark 5.12. Theorem 5.11 is about the accumulation points of numeri-
cally trivial pairs for R-affine functional divisors ∆(t). We remark that the
global ACC also holds for R-affine functional divisors ∆(t). We refer the
readers to [HLQ17] for more details.
Lemma 5.13. Let d, c,m be three positive integers, X a normal quasi-
projective variety of dimension d, and r0 := 1, r1, . . . , rc real numbers which
are linearly independent over Q. Let s1, . . . , sm : R
c+1 → R be Q-linear
functions, D1, . . . ,Dm ≥ 0 Weil divisors on X, and
∆(t) :=
m∑
i=1
si(r0, . . . , rc−1, t)Di.
Suppose that (X/Z,∆(rc)) is R-complementary and (X,∆(t0)) is lc for some
real number t0. Then there exist a birational morphism f : Y → X, a
non-negative integer m′ ≤ m, and an R-affine functional divisor ∆Y (t) :=∑m′
i=1 si(r0, . . . , rc−1, t)DY,i + E on Y satisfying the following.
(1) DY,i is the strict transform of Di on Y for any 1 ≤ i ≤ m′,
(2) E is a reduced divisor,
(3) (Y/Z,∆Y (rc)) is R-complementary,
(4) KY +∆Y (t0) ≥ f∗(KX +∆(t0)),
(5) −(KY + ∆Y (t0)) ∼R,Z u(KY + ∆) for some positive real number u
and Q-factorial dlt pair (Y/Z,∆), and
(6) if X is of Fano type over Z, then Y is of Fano type over Z.
In particular, if −(KX + ∆(t0)) is not pseudo-effective over Z, then
−(KY + ∆Y (t0)) is not pseudo-effective over Z, and if (Y/Z,∆Y (t0)) is
R-complementary, then (X/Z,∆(t0)) is R-complementary.
Proof. Let (X/Z,∆(rc)+G) be an R-complement of (X/Z,∆(rc)) and R :=
⌊∆(rc) +G⌋. Let f : Y → X be a dlt modification of (X,∆(rc) +G),
KY + ˜∆(rc) + E + G˜ := f
∗(KX +∆(rc) +G),
where ˜∆(t) and G˜ are the strict transforms of ∆(t)−∆(rc)∧R and G−G∧R
on Y respectively, and E is the sum of the reduced exceptional divisors of
f and the strict transform of R.
Let ∆Y (t) := ˜∆(t) + E. Then (Y/Z,∆Y (rc) + G˜) is an R-complement of
(Y/Z,∆Y (rc)), and KY +∆Y (t0) ≥ f∗(KX +∆(t0)).
Since (Y, ˜∆(rc) + E + G˜) is dlt and ⌊ ˜∆(rc) + E + G˜⌋ = E, there exists
a positive real number ǫ < 1, such that ˜∆(rc) − ǫ ˜∆(t0) ≥ 0 and (Y,∆) is
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Q-factorial dlt, where ∆ :=
˜∆(rc)−ǫ ˜∆(t0)
1−ǫ +
G˜
1−ǫ + E. Then
−ǫ(KY +∆Y (t0)) = −ǫ(KY + ˜∆(t0) + E)
∼R,Z (1− ǫ)(KY +
˜∆(rc)− ǫ ˜∆(t0)
1− ǫ +
G˜
1− ǫ + E)
= (1− ǫ)(KY +∆).
If X is of Fano type over Z, then by Lemma 3.21, Y is of Fano type over
Z. 
Conjecture 5.14 (Existence of good minimal models). Let d be a positive
integer. Let (X,B) be a Q-factorial dlt pair of dimension d and X → Z a
contraction. Suppose that KX + B is pseudo-effective over Z. Then there
exists a good minimal model (Y,BY ) of (X,B) over Z, that is, (Y,BY ) is a
minimal model of (X,B) over Z and KY +BY is semiample over Z.
Theorem 5.15. Fix three positive integers d, c,m. Let r0 := 1, r1, . . . , rc
be real numbers which are linearly independent over Q. Let s1, . . . , sm :
Rc+1 → R be Q-linear functions. Then there exists a positive real number ǫ
depending only on d, c,m, r1, . . . , rc and s1, . . . , sm satisfying the following.
Let X be a normal quasi-projective variety of dimension d, D1, . . . ,Dm ≥
0 Weil divisors on X, and X → Z a contraction. If (X/Z,∆(rc)) is R-
complementary, where
∆(t) :=
m∑
i=1
si(r0, . . . , rc−1, t)Di,
then
(1) (X,∆(t)) is lc and −(KX +∆(t)) is pseudo-effective over Z for any
t such that |t− rc| ≤ ǫ,
(2) if X is of Fano type over Z, then (X/Z,∆(t)) is R-complementary
for any t such that |t− rc| ≤ ǫ, and
(3) suppose that Conjecture 5.14 holds in dimension d, then (X/Z,∆(t))
is R-complementary for any t such that |t− rc| ≤ ǫ.
Proof. We first show (1). Suppose it does not hold. Then by Corollary
5.5, for any positive integer k, there exist a normal quasi-projective variety
Xk of dimension d, Weil divisors D
k
1 , . . . ,D
k
m on Xk, and tk ∈ R such that
(Xk/Zk,∆k(rc)) is R-complementary, (Xk,∆k(tk)) is lc, −(KXk + ∆k(tk))
is not pseudo-effective over Zk, and limk→+∞ tk = rc, where
∆k(t) :=
m∑
i=1
si(r0, . . . , rc−1, t)Dki .
By Lemma 5.13 and Corollary 5.5, possibly passing to a subsequence of
Xk and replacing Xk with a birational model, we may assume that −(KXk+
∆k(tk)) ∼R,Zk uk(KXk +∆k), where each uk is a positive real number which
may depend on Xk, and each (Xk,∆k) is Q-factorial dlt.
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Thus we may run a −(KXk + ∆k(tk))-MMP over Zk with scaling of an
ample divisor over Zk, and reach a Mori fiber space Yk → Z ′k over Zk,
such that −(KYk +∆Yk(tk)) is antiample over Z ′k, where ∆Yk(t) is the strict
transform of ∆k(t) on Yk for any t. Since −(KXk+∆k(rc)) is pseudo-effective
over Zk, −(KYk +∆Yk(rc)) is nef over Z ′k.
Thus there exist real numbers ηk, such that min{tk, rc} ≤ ηk ≤
max{tk, rc}, limk→+∞ ηk = rc, and
KFk +∆Fk(ηk) := (KYk +∆Yk(ηk))|Fk ≡ 0,
where Fk is a general fiber of Yk → Z ′k. Since (Xk/Zk,∆k(rc)) is R-
complementary, (Yk,∆Yk(rc)) is lc. Possibly passing to a subsequence
of tk, by Corollary 5.5, we may assume that (Yk,∆Yk(tk)) is lc for any
k. Thus (Fk,∆Fk(ηk)) is lc. Since limk→+∞ ηk = rc, by Theorem 5.11,
rc ∈ SpanQ({r0, . . . , rc−1}), a contradiction.
We now show (2)–(3). For any t0 ∈ [rc − ǫ, rc + ǫ], by Lemma 5.13,
possibly replacing X with a birational model, we may assume that −(KX +
∆k(t0)) ∼R,Z u(KX + ∆) for some positive real number u and Q-factorial
dlt pair (X,∆).
Suppose that either X is of Fano type over Z or Conjecture 5.14 holds in
dimension d. Then there exists a good minimal model −(KYt0 + ∆Yt0 (t0))
of −(KX + ∆(t0)) over Z, where ∆Yt0 (t) is the strict transform of ∆(t)
on Yt0 for any t. Since (X/Z,∆(rc)) is R-complementary, (Yt0 ,∆Y0(rc))
is lc. Therefore, by Corollary 5.5, (Yt0 ,∆Yt0 (t0)) is lc. Since −(KYt0 +
∆Yt0 (t0)) is semiample over Z, (Yt0/Z,∆Yt0 (t0)) is R-complementary. Hence
(X/Z,∆(t0)) is R-complementary. 
Theorem 5.16 (Uniform R-complementary rational polytopes). Let d,m
be two positive integers, v = (v1, . . . , vm) ∈ Rm a point, and V ⊂ Rs the
rational envelope of v. Then there exists an open set U ∋ v of V depending
only on d,m and v satisfying the following.
Let (X,B :=
∑m
i=1 viBi) be an lc pair of dimension d and X → Z a
contraction, such that each Bi ≥ 0 is a Weil divisor, and (X/Z,B) is R-
complementary. Suppose that either X is of Fano type over Z or Conjecture
5.14 holds in dimension d. Then (X/Z,
∑m
i=1 v
0
iBi) is R-complementary for
any point (v01 , . . . , v
0
m) ∈ U .
The proof of Theorem 5.16 is of the same lines as the proof of Theorem
5.6. For readers’ convenience, we give a full proof here.
Proof. There exist real numbers r0 := 1, r1, . . . , rc, such that {r0, . . . , rc} is
a basis of SpanQ({1, v1, . . . , vm}) over Q for some 0 ≤ c ≤ m. When c = 0,
U = V = {v}, and the theorem holds. In the following, we may assume
that c ≥ 1.
There exist Q-linear functions s1, . . . , sm : R
c+1 → R, such that
si(r0, . . . , rc) = vi for any 1 ≤ i ≤ m, and the map
(s1(1, x1, . . . , xc), . . . , sm(1, x1, . . . , xc)) : R
c → V
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is one-to-one. It suffices to show there exists an open set Uc of R
c, such that
(r1, . . . , rc) ∈ Uc and (X/Z,
∑m
i=1 si(1, x1, . . . , xc)Bi) is R-complementary for
any (x1, . . . , xc) ∈ Uc.
We prove the theorem by using induction on c. If c = 1, then the theorem
follows from Theorem 5.15.
Assume that c ≥ 2. For every 1 ≤ i ≤ m, we let
si(t) := si(r0, . . . , rc−1, t).
By Theorem 5.15, there exist two positive real numbers ǫ1, ǫ2 depending
only on d, c,m, r1, . . . , rc, and s1, . . . , sm, such that rc + ǫ1, rc − ǫ2 ∈ Q,
and both (X/Z,
∑m
i=1 si(rc + ǫ1)Bi) and (X/Z,
∑m
i=1 si(rc − ǫ2)Bi) are R-
complementary.
By induction, there exists an open set Uc−1 of Rc−1, such that (r1, . . . , rc−1) ∈
Uc−1, and for any (x1, . . . , xc−1) ∈ Uc−1, both
(X/Z,
m∑
i=1
si(1, x1, . . . , xc−1, rc + ǫ1)Bi)
and
(X/Z,
m∑
i=1
si(1, x1, . . . , xc−1, rc − ǫ2)Bi)
are R-complementary respectively.
We get the desired Uc by letting Uc = Uc−1 × (rc − ǫ2, rc + ǫ1). 
5.3. Proof of Theorem 1.10. Theorem 5.18 and Theorem 5.20 are
inspired by [PS09, §4] and [Bir19, Proposition 2.50].
Lemma 5.17. Let α be a positive real number, M ≥ 1 a real number,
Γ ⊂ [0,M ] a DCC set, and Γ′′ = Γ¯′′ an ACC set. Then there exist a finite
set Γ′ ⊂ Γ¯ and a projection g : Γ¯ → Γ′ (i.e., g ◦ g = g) depending only on
α,M , Γ and Γ′′ satisfying the following properties:
(1) γ + α ≥ g(γ) ≥ γ for any γ ∈ Γ,
(2) g(γ′) ≥ g(γ) for any γ′ ≥ γ such that γ, γ′ ∈ Γ, and
(3) for any β ∈ Γ′′ and γ ∈ Γ, if β ≥ γ, then β ≥ g(γ).
Proof. We may replace Γ with Γ¯ and therefore assume that Γ = Γ¯. Let
N := ⌈Mα ⌉,Γ0 := Γ ∩ [0, 1N ], and
Γk := Γ ∩ ( k
N
,
k + 1
N
]
for any 1 ≤ k ≤ N − 1.
For any γ ∈ Γ, there exists a unique 0 ≤ k ≤ N − 1 such that γ ∈
Γk. If γ ∈ Γ and γ > maxβ∈Γ′′{β}, then g(γ) := maxβ∈Γk{β} has the
required properties. In the following, we may assume that for any γ ∈ Γ,
γ ≤ maxβ∈Γ′′{β}.
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Since Γ = Γ¯ and Γ′′ = Γ¯′′, we may define f : Γ → Γ′′, g : Γ → Γ in the
following ways:
f(γ) := min{β ∈ Γ′′ | β ≥ γ}, and g(γ) := max{β ∈ Γk | β ≤ f(γ), γ ∈ Γk}.
For any γ ∈ Γ, it is clear that
0 ≤ g(γ) − γ ≤ 1
N
≤ α.
Since f(γ) ≥ g(γ) ≥ γ, f(g(γ)) = f(γ) and g(g(γ)) = g(γ). We will show
that Γ′ := {g(γ) | γ ∈ Γ} has the required properties.
It suffices to show that Γ′ is a finite set. Since Γ′ ⊆ Γ, Γ′ satisfies the
DCC. We only need to show that Γ′ satisfies the ACC. Suppose that there
exists a strictly increasing sequence g(γ1) < g(γ2) < . . . , where γj ∈ Γ.
Since f(γj) belongs to the ACC set Γ
′′, possibly passing to a subsequence,
we may assume that f(γj) is decreasing. Thus g(γj) is decreasing, and we
get a contradiction. Therefore Γ′ satisfies the ACC. 
Theorem 5.18. Let d be a positive integer, α a positive real number, and
Γ ⊂ [0, 1] a DCC set. Then there exist a finite set Γ′ ⊂ Γ¯ and a projection
g : Γ¯→ Γ′ depending only on d, α and Γ satisfying the following.
Let (X,B :=
∑s
i=1 biBi) be an lc pair of dimension d, such that each
bi ∈ Γ and each Bi ≥ 0 is a Q-Cartier Weil divisor. Then
(1) γ + α ≥ g(γ) ≥ γ for any γ ∈ Γ,
(2) g(γ′) ≥ g(γ) for any γ, γ′ ∈ Γ such that γ′ ≥ γ, and
(3) (X,
∑s
i=1 g(bi)Bi) is lc.
Proof. We may replace Γ with Γ¯ and assume that Γ = Γ¯. Let Γ′′ :=
LCT(Γ,N, d). By Theorem 3.9, Γ′′ is an ACC set.
By Lemma 5.17, there exist a finite set Γ′ ⊂ Γ¯, and a projection g : Γ¯→ Γ′
satisfying Lemma 5.17(1)–(3).
It suffices to show that (X,
∑s
i=1 g(bi)Bi) is lc. Otherwise, there exists
some 0 ≤ j ≤ s − 1, such that (X,∑ji=1 g(bi)Bi +∑si=j+1 biBi) is lc, and
(X,
∑j+1
i=1 g(bi)Bi +
∑s
i=j+2 biBi) is not lc. Let
β := lct(X,
j∑
i=1
g(bi)Bi +
s∑
i=j+2
biBi;Bj+1).
Then g(bj+1) > β ≥ bj+1. Since g(bi), bi ∈ Γ for any i, we have β ∈ Γ′′
which contradicts Lemma 5.17(3). 
Lemma 5.19 is similar to Lemma 5.13. Recall that for any R-divisor B,
Coeff(B) stands for the set of all the coefficients of B.
Lemma 5.19. Let (X,B) and (X,B′) be two lc pairs such that SuppB =
SuppB′, and X → Z a contraction. Suppose that (X/Z,B) is R-
complementary. Then there exist a birational morphism f : Y → X, and
two Q-factorial lc pairs (Y,BY ) and (Y,B
′
Y ) satisfying the following.
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(1) Coeff(BY ) ⊂ Coeff(B) ∪ {1}, Coeff(B′Y ) ⊂ Coeff(B′) ∪ {1},
(2) (Y/Z,BY ) is R-complementary,
(3) KY +B
′
Y ≥ f∗(KX +B′),
(4) −(KY +B′Y ) ∼R,Z u(KY +∆) for some positive real number u and
dlt pair (Y,∆), and
(5) if X is of Fano type over Z, then Y is of Fano type over Z.
In particular, if −(KX+B′) is not pseudo-effective over Z, then −(KY +B′Y )
is not pseudo-effective over Z, and if (Y/Z,B′Y ) is R-complementary, then
(X/Z,B′) is R-complementary.
Proof. Let (X/Z,B+G) be an R-complement of (X/Z,B) and R := ⌊B+G⌋.
Let f : Y → X be a dlt modification of (X,B +G), such that
KY + B˜ + E + G˜ = f
∗(KX +B +G),
where B˜ and G˜ are the strict transforms of B−B ∧R and G−G∧R on Y
respectively, and E is the sum of the reduced exceptional divisors of f and
the strict transform of R.
Let B˜′ be the strict transform of B˜′ − B˜′ ∧ R on Y , BY := B˜ + E, and
B′Y := B˜
′+E. Then Coeff(BY ) ⊂ Coeff(B)∪{1}, Coeff(B′Y ) ⊂ Coeff(B′)∪
{1}, (Y/Z,BY + G˜) is an R-complement of (Y/Z,BY ), and KY + B′Y ≥
f∗(KX +B′).
Since Supp B˜′ = Supp B˜, (Y, B˜ + E + G˜) is dlt and ⌊B˜ + E + G˜⌋ = E,
there exists a positive real number ǫ < 1, such that B˜− ǫB˜′ ≥ 0, and (Y,∆)
is dlt, where ∆ := B˜−ǫB˜
′
1−ǫ +
G˜
1−ǫ + E. Then
−ǫ(KY +B′Y ) = −ǫ(KY + B˜′ + E)
∼R,Z (1− ǫ)(KY + B˜ − ǫB˜
′
1− ǫ +
G˜
1− ǫ + E)
= (1− ǫ)(KY +∆).
If X is of Fano type over Z, then by Lemma 3.21, Y is of Fano type over
Z. 
Theorem 5.20. Let d be a positive integer and Γ ⊂ [0, 1] a DCC set. Then
there exist a finite set Γ′ ⊂ Γ¯ and a projection g : Γ¯→ Γ′ depending only on
d and Γ satisfying the following.
Let (X,B :=
∑
biBi) be an lc pair of dimension d and X → Z a
contraction, such that each bi ∈ Γ and each Bi ≥ 0 is a Q-Cartier Weil
divisor. If (X/Z,B) is R-complementary, then
(1) γ + α ≥ g(γ) ≥ γ for any γ ∈ Γ,
(2) g(γ′) ≥ g(γ) for any γ, γ′ ∈ Γ such that γ′ ≥ γ,
(3) (X,
∑
i g(bi)Bi) is lc,
(4) −(KX +
∑
i g(bi)Bi) is pseudo-effective over Z,
(5) if Z is a closed point, then there exists an R-divisor D ≥ 0, such
that −(KX +
∑
i g(bi)Bi) ∼R D,
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(6) if X is of Fano type, then (X/Z,
∑
i g(bi)Bi) is R-complementary,
and
(7) suppose that Conjecture 5.14 holds in dimension d, then (X/Z,
∑
i g(bi)Bi)
is R-complementary.
Proof. We first show that there exist a finite set Γ′ ⊂ Γ¯ and a projection
g : Γ¯ → Γ′ satisfying (1)–(4). Otherwise, by Theorem 5.18, there exist a
sequence of lc pairs (Xk, B(k) :=
∑
i bk,iBk,i) of dimension d and a sequence
of projections gk : Γ¯ → Γ¯, such that for any k, i, bk,i ∈ Γ, Bk,i ≥ 0 is
a Q-Cartier Weil divisor, (Xk/Zk, B(k)) is R-complementary, (Xk, B
′
(k) :=∑
i gk(bk,i)Bk,i) is lc, bk,i +
1
k ≥ gk(bk,i) ≥ bk,i, and −(KXk + B′(k)) is not
pseudo-effective over Zk.
By Lemma 5.19 and Theorem 5.18, possibly passing to a subsequence of
Xk and replacing Xk with a birational model, we may assume that −(KXk+
B′(k)) ∼R,Zk uk(KXk + ∆k), where each uk is a positive real number which
may depend on Xk, and each (Xk,∆k) is a Q-factorial dlt pair.
Thus we may run a −(KXk+B′(k))-MMP over Zk with scaling of an ample
divisor over Zk, and reach a Mori fiber space Yk → Z ′k over Zk, such that
−(KYk +B′(Yk)) is antiample over Z ′k, where B′(Yk) is the strict transform of
B′(k) on Yk. Since −(KXk +B(k)) is pseudo-effective over Zk, −(KYk +B(Yk))
is nef over Z ′k, where B(Yk) is the strict transform of B(k) on Yk.
For each k, there exist a positive integer kj and a positive real number
0 ≤ b+k ≤ 1, such that bk,kj ≤ b+k < gk(bk,kj) and KFk +B+Fk ≡ 0, where
KFk +B
+
Fk
:=
KYk + (∑
i<kj
gk(bk,i)BYk ,i) + b
+
k BYk,kj + (
∑
i>kj
bk,iBYk,i)
 |Fk ,
BYk,i is the strict transform of Bk,i on Yk for any i, and Fk is a general
fiber of Yk → Z ′k. Since (Xk/Zk, B(k)) is R-complementary, (Yk, B(Yk)) is lc.
Possibly passing to a subsequence, by Theorem 5.18, we may assume that
(Yk, B
′
(Yk)
) is lc for any k. Thus (Fk, B
+
Fk
) is lc.
Since gk(bk,kj) belongs to the DCC set Γ¯ for any k, possibly passing to a
subsequence, we may assume that gk(bk,kj) is increasing. Since gk(bk,kj) −
b+k > 0 and
lim
k→+∞
(gk(bk,kj)− b+k ) = 0,
by Lemma 5.21 below, passing to a subsequence again, we may assume that
b+k is strictly increasing.
Now KFk + B
+
Fk
≡ 0, the coefficients of B+Fk belong to the DCC set
Γ¯ ∪ {b+k }∞k=1, and b+k is strictly increasing. This contradicts the global ACC
[HMX14, Theorem 1.4].
Next we show (5). If Z is a closed point, then by Lemma 5.19, possibly
replacingX with a birational model, we may assume−(KX+
∑
i g(bi)Bi) ∼R
u(KX +∆) for some positive real number u and Q-factorial dlt pair (X,∆).
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Since X is of CalabiYau type, by [Has17, Theorem 1.2], there exists an
R-divisor D ≥ 0, such that −(KX +
∑
i g(bi)Bi) ∼R D.
It suffices to show (6)–(7). Suppose that either X is of Fano type over Z
or Conjecture 5.14 holds in dimension d. Then there exists a good minimal
model −(KY +
∑
g(bi)BY,i) of −(KX +
∑
g(bi)Bi) over Z, where BY,i are
strict transforms of Bi on Y . Since (X/Z,
∑
biBi) is R-complementary,
(Y,
∑
biBY,i) is lc. Therefore, (Y,
∑
g(bi)BY,i) is lc by the construction of
g. Since −(KY +
∑
g(bi)BY,i) is semiample over Z, (Y/Z,
∑
g(bi)BY,i) is
R-complementary. Hence (X/Z,
∑
g(bi)Bi) is R-complementary. 
The proof of the following lemma is elementary.
Lemma 5.21. Let {ak}∞k=1 be an increasing sequence of real numbers, and
{bk}∞k=1 a sequence of real numbers, such that bk < ak for any k, and
limk→+∞(ak − bk) = 0. Then passing to a subsequence, we may assume
that bk is strictly increasing.
Proof. It suffices to show that for any k ≥ 1, there exists an integer k′ > k
such that bk′ > bk. Let cj = aj−bj for any j, then cj > 0 and limj→+∞ cj = 0
by assumption. Thus there exists an integer k′ > k, such that ck′ < ck. Since
ak′ > ak, bk′ = ak′ − ck′ > ak − ck = bk. 
Now we are ready to prove Theorem 1.10.
Proof of Theorem 1.10. Possibly replacing (X,B) with its dlt modification,
we may assume that (X,B) is Q-factorial dlt. Write B =
∑
biBi, where Bi
are distinct prime divisors. Possibly shrinking Z to a neighborhood of z,
according to Theorem 5.20, there exist a finite set Γ′ ⊂ Γ¯ and a projection
g : Γ¯→ Γ′ depending only on d and Γ, such that (X/Z,B′ :=∑ g(bi)Bi) is
R-complementary and B′ ≥ B.
By Theorem 5.16, there exist a finite set Γ0 = {a1, a2, . . . , ak} ⊂ (0, 1]
and a finite set Γ1 of non-negative rational numbers depending only on d
and Γ′, such that
∑k
i=1 ai = 1, and
KX +B
′ =
k∑
i=1
ai(KX +B
′
i)
for someQ-divisorsB′1, . . . , B
′
k ∈ Γ1 such that (X/Z,B′i) is R-complementary
for every i. Moreover, if Γ¯ ⊂ Q, then we may pick Γ0 = {1} and B′1 = B′.
For each i, we may run a −(KX +B′i)-MMP over Z and reach a minimal
model X 99K Xi, such that −(KXi + B′Xi) is nef over Z, where B′Xi is the
strict transform of B′i on Xi. Since (X/Z,B
′
i) is R-complementary, (Xi, B
′
Xi
)
is lc. By Theorem 3.19, (Xi/Z,B
′
Xi
) has a monotonic n-complement.
Therefore, (X/Z,B′i) has a monotonic n-complement (X/Z,B
+
i ) for any i.
We get the desired B+ by letting B+ :=
∑k
i=1 aiB
+
i . 
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6. Existence of n-complements for pairs with DCC coefficients
In this section, we will show Theorem 1.8. We first show that Theorem
6.1 below implies Theorem 1.8, and then prove Theorem 6.1, which follows
from Theorem 1.10 and Diophantine approximation.
Theorem 6.1. Let d, p, s be three positive integers, ǫ a positive real number,
Γ ⊂ [0, 1] a DCC set, ||.|| a norm of Rs, v = (v1, . . . , vs) ∈ Rs a point such
that v /∈ Qs, V ⊂ Rs the rational envelope of v, and e = (e1, . . . , es) ∈ V a
unit vector, i.e. ||e|| = 1. Then there exist a positive integer n and a point
vn ∈ V depending only on d, p, ǫ,Γ, ||.||,v and e satisfying the following.
Assume that (X,B) is an lc pair of dimension d, and X → Z is a
contraction, such that
• X is of Fano type over Z,
• B ∈ Γ, and
• (X/Z,B) is R-complementary.
Then for any point z ∈ Z,
(1) (existence of n-complements) there exists an n-complement (X/Z ∋
z,B+) of (X/Z ∋ z,B), moreover, if Γ¯ ⊆ Q, then we may pick
B+ ≥ B,
(2) (divisibility) p | n,
(3) (rationality) nvn ∈ Zs,
(4) (approximation) ||v − vn|| < ǫn , and
(5) (anisotropic)
|| v − vn||v − vn|| − e|| < ǫ.
At the first glance, (2)–(5) in Theorem 6.1 seem to be technical. However,
each of them will be used in the proof of Theorem 1.8. It is expected that
Theorem 6.1 also holds for the existence of (ǫ′, n)-complements (cf. [CH20])
when ǫ′ is a rational number.
Proof of Theorem 1.8. By Theorem 6.1, it suffices to prove the moreover
part of Theorem 1.10.
By Theorem 1.10, possibly replacing Γ with a finite subset of Γ¯ and
(X/Z,B) with an (n,Γ0)-decomposable R-complement of (X/Z,B), we may
assume that Γ = {v1, . . . , vs} is a finite set.
Since SpanQ≥0(Γ\Q)∩Q\{0} = ∅, by Lemma 6.3, there exist real numbers
r0 := 1, r1, . . . , rc which are linearly independent over Q, such that Γ ⊂
SpanQ≥0({r0, r1, . . . , rc}). If Γ ⊂ Q, i.e., c = 0, then the theorem follows
from Theorem 6.1. If c ≥ 1, then let Γ>0 := Γ ∩ (0,+∞), v := (v1, . . . , vs),
V ⊂ Rs the rational envelope of v, and ||.||∞ the maximal norm on Rs.
There exist a unit vector e ∈ V and a positive real number ǫ < minΓ>0,
such that v+1 ≥ v1, . . . , v+s ≥ vs for any v+ = (v+1 , . . . , v+s ) ∈ V satisfying
|| v − v
+
||v − v+||∞ − e||∞ < ǫ.
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By Theorem 6.1, there exist a positive integer n and a point v+ =
(v+1 , . . . , v
+
s ) ∈ V depending only on d, p and Γ, such that
(1) there exists an n-complement (X/Z ∋ z,B+) of (X/Z ∋ z,B),
(2) p | n,
(3) nv+ ∈ Zs,
(4) ||v − v+||∞ < ǫn , and
(5)
|| v − v
+
||v − v+||∞ − e||∞ < ǫ.
Let B :=
∑
biBi and B
+ :=
∑
b+i Bi, where Bi are distinct prime divisors.
It suffices to show that b+i ≥ bi for any i. For any given i, possibly reordering
i, we may assume that vi = bi. Since nb
+
i , nv
+
i ∈ Z and v+i ≥ vi = bi, it is
enough to show that nb+i − nv+i > −1 which follows from
nb+i − nv+i > (n+ 1)bi − 1− nv+i = vi + n(vi − v+i )− 1 > vi − ǫ− 1 > −1.

Lemma 6.2. Let D be a compact convex set in Rn, then there exist n + 1
points v1, . . . ,vn+1 in R
n, such that D is contained in the interior of the
convex hull of v1, . . . ,vn+1.
Moreover, there exists a positive real number ǫ, such that for any
v′1, . . . ,v
′
n+1 ∈ Rn, if ||vi − v′i|| < ǫ for any 1 ≤ i ≤ n + 1, then D is
contained in the convex hull of v′1, . . . ,v
′
n+1.
Proof. Since D is a bounded set, there exists a positive real numberM , such
that
D ⊆ {(x1, . . . , xn) ∈ Rn | n
n∑
i=1
|xi| < M}.
Let vn+1 := (−3M, . . . ,−3M) and vi := (0, . . . , 3M, . . . , 0) for 1 ≤ i ≤ n,
where 3M is the i-th coordinate.
For any point b = (b1, . . . , bn) ∈ D, there exists a positive real number
0 < a < 13n , such that 3aM + bi ≥ 0 for any 1 ≤ i ≤ n. We have
b =
n∑
i=1
3aM + bi
3M
vi + avn+1 + (1− a−
n∑
i=1
3aM + bi
3M
)(
1
n+ 1
n+1∑
i=1
vi).
Since
a+
n∑
i=1
3aM + bi
3M
<
1
3
+
2M
3M
= 1,
D is contained in the interior of convex hull V of v1, . . . ,vn+1. Let d :=
dist(∂V,D) > 0. Since d is a continuous function of v1, . . . ,vn+1, there
exists a positive real number ǫ, such that for any ||vi − v′i|| < ǫ, d′ :=
dist(∂V ′,D) > 0, where V ′ is the convex hull of v′1, . . . ,v′n+1. In particular,
D in contained in the convex hull of v′1, . . . ,v′n+1. 
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Lemma 6.3. Let Γ be a set of non-negative real numbers. Then the
following are equivalent.
(1) For any finite set Γ0 of Γ, there exist real numbers r0 := 1, r1, . . . , rc
which are linearly independent over Q, such that
Γ0 ⊂ SpanQ≥0({r0, r1, . . . , rc}),
(2) SpanQ≥0(Γ\Q) ∩ (Q\{0}) = ∅.
Proof. Suppose that Γ satisfies (1). For any a ∈ SpanQ≥0(Γ\Q) ∩ (Q\{0}),
there exist a positive integer m, positive rational numbers λ1, . . . , λm,
and α1, . . . , αm ∈ Γ\Q, such that a =
∑m
i=1 λiαi. By (1), there exist
a positive integer c, positive real numbers r0 := 1, r1, . . . , rc which are
linearly independent over Q, and non-negative rational numbers di,j for
every 1 ≤ i ≤ m and 0 ≤ j ≤ c, such that αi =
∑c
j=0 di,jrj. By our
assumption, for every 1 ≤ i ≤ m, di,j 6= 0 for some 1 ≤ j ≤ c. Therefore,
a =
m∑
i=1
c∑
j=0
λidi,jrj =
c∑
j=0
(
m∑
i=1
λidi,j)rj ∈ SpanQ≥0({r0, r1, . . . , rc})\Q,
a contradiction.
Suppose that Γ satisfies (2). For any finite set Γ0 = {α1, . . . , αm} of Γ,
there exist positive real numbers 1, r′1, . . . , r
′
c which are linearly independent
over Q, such that Γ0 ⊂ SpanQ({1, r′1, . . . , r′c}). Let r′ := (r′1, . . . , r′c). Then
there exist a′1, . . . ,a
′
m ∈ Qc, such that αi − ai′ · r′ ∈ Q for any 1 ≤ i ≤ m.
Possibly reordering the indices, we may assume that α1, . . . , αm′ /∈ Q and
αm′+1, . . . , αm ∈ Q for some 0 ≤ m′ ≤ m. Then a′1, . . . ,a′m′ 6= 0 and
a′m′+1 = . . . = a
′
m = 0, where 0 = (0, 0, . . . , 0).
If m′ = 0, then c = 0, Γ0 is a finite set of rational numbers, and r0 := 1,
hence (1) holds. Thus we may assume m′ ≥ 1.
Suppose that 0 belongs to the convex hull of {a′1, . . . ,a′m′}. There exist
non-negative rational numbers λi, such that
∑m′
i=1 λi = 1, and
∑m′
i=1 λia
′
i =
0. Then
∑m′
i=1 λia
′
i·r′ = 0·r′ = 0 and 0 6=
∑m′
i=1 λiαi =
∑m′
i=1 λi(αi−ai′·r′) ∈
Q, which contradicts (2). Hence 0 does not belong to the convex hull of
{a′1, . . . ,a′m′}.
By Hahn-Banach theorem, there exist a rational point t ∈ Qc and a
positive rational number b, such that the hyperplane H := {x ∈ Rc | t ·x =
b} intersects the segment −→0a′i for any 1 ≤ i ≤ m′. Let C be the convex
cone generated by
−−→
0a′1, . . . ,
−−−→
0a′m′ . Then C ∩ H is a compact convex set in
H. By Lemma 6.2, there exist rational points v1, . . . ,vc ∈ H, such that
C ∩H is contained in the convex hull of v1, . . . ,vc. Hence C is contained in
the cone generated by
−−→
0v1, . . . ,
−→
0vc. Since vj, a
′
i are rational points, there
exist non-negative rational numbers ai,j , such that a
′
i =
∑c
j=1 ai,jvj for any
1 ≤ i ≤ m′.
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Let rj = vj · r′ and r = (r1, . . . , rc). Then
αi − ai′ · r′ = αi −
c∑
j=1
ai,jvj · r′ = αi −
c∑
j=1
ai,jrj ∈ Q
for any 1 ≤ i ≤ m′. Possibly replacing (r1, . . . , rc) with (r1− t, . . . , rc− t) for
some rational numbers t≫ 0, we may assume that αi −
∑c
j=1 ai,jrj ≥ 0 for
any 1 ≤ i ≤ m′. Therefore αi ∈ SpanQ≥0({r0, . . . , rc}) for any 1 ≤ i ≤ m,
and we are done.

Now we are going to prove Theorem 6.1.
Lemma 6.4. Let ||.||1, || and ||2 be two different norms defined on Rn. Then
there exists a positive real number M , such that
|| a||a||1 −
b
||b||1 ||1 ≤M ||
a
||a||2 −
b
||b||2 ||2
for any non-zero vectors a, b ∈ Rn.
Proof. Since any two norms defined on Rn are equivalent, there exist two
positive real numbers m1,m2 such that for any x ∈ Rn,
m1||x||2 ≤ ||x||1 ≤ m2||x||2.
We claim that we may pick M = 2m2m1 .
Possibly replacing a with a||a||2 and b with
b
||b||2 , we may assume that
||a||2 = ||b||2 = 1. We have
|| a||a||1 −
b
||b||1 ||1 = ||
a
||a||1 −
a
||b||1 +
a
||b||1 −
b
||b||1 ||1
≤ || a||a||1 −
a
||b||1 ||1 + ||
a
||b||1 −
b
||b||1 ||1
=
||||b||1 − ||a||1||1
||b||1 +
||a− b||1
||b||1
≤ 2||a− b||1||b||1 ≤
2m2||a − b||2
m1||b||2 =M ||a− b||2.

Recall that the maximum norm on Rs is defined by ||(x1, . . . , xs)||∞ =
max{|xi| | i = 1, 2, . . . , s} for any vector (x1, . . . , xs) ∈ Rs.
Lemma 6.5. Let p0, l, s0 be three positive integers, k0 a non-negative
integer, ǫ1 a positive real number, r0 := 1, r1, . . . , rs0+k0 positive real numbers
which are linearly independent over Q, and e′ = (e1, . . . , es0) ∈ Rs0≥0 a
nonzero vector. Let ||.||∞ be the maximum norm, and r = (r1, . . . , rs0+k0).
Then there exist a positive integer n0 and a point r
′ = (r′1, . . . , r
′
s0+k0
) ∈
Rs0+k0 , such that
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(1) p0 | n0,
(2) n0r
′ ∈ lZs0+k0 ,
(3) ||r − r′||∞ < ǫ1n0 , and
(4) || c−d||c−d||∞ − e
′
||e′||∞ ||∞ < ǫ1, where c = (r1, . . . , rs0) and d =
(r′1, . . . , r
′
s0).
Proof. Possibly reordering coordinates, we may assume that e1 = ||e′||∞ >
0. Let α1 :=
1
2lǫ1. Since 0 ≤ ei ≤ e1 for any 2 ≤ i ≤ s0, we may pick positive
real numbers αi, such that αi < α1, and
|αi
α1
− ei
e1
| < ǫ1
for any 2 ≤ i ≤ s0.
By the continuity of functions αi+xα1−x and
αi−x
α1+x
, there exists a positive real
number ǫ2, such that ǫ2 < αi < α1 − 2ǫ2 for any 2 ≤ i ≤ s0, and
|αi + ǫ2
α1 − ǫ2 −
ei
e1
| < ǫ1, |αi − ǫ2
α1 + ǫ2
− ei
e1
| < ǫ1
for any 1 ≤ i ≤ s0.
Let αj := 0 for any s0 + k0 ≥ j > s0, and α := (α1, . . . , αs0+k0).
By Kronecker’s theorem or Weyl’s equidistribution theorem, there exist a
positive integer n1 and a vector β := (β1, . . . , βs0+k0) ∈ Zs0+k0 , such that
||n1 p0r
l
− β −α||∞ < ǫ2.
We claim that we may pick n0 = n1p0 and r
′ = ln0β.
It is clear that p0 | n0, n0r′ ∈ lZs0+k0 , and
||r − r′||∞ = l
n0
||n1 p0r
l
− β||∞
≤ l
n0
(||n1 p0r
l
− β −α||∞ + ||α||∞)
<
l
n0
(ǫ2 + α1) <
ǫ1
n0
.
It suffices to show (4). Since
n0
l
|ri − r′i| = |
n0
l
ri − βi| ≤ |n0
l
ri − βi − αi|+ αi ≤ ǫ2 + αi < α1 − ǫ2
for any s0 ≥ i ≥ 2, and
n0
l
|ri − r′i| ≥ αi − |
n0
l
ri − βi − αi| ≥ αi − ǫ2
for any s0 ≥ i ≥ 1, we have
n0
l
|r1 − r′1| >
n0
l
|ri − r′i|
for any s0 ≥ i ≥ 2, and
||c− d||∞ = max{|ri − r′i| | i = 1, 2, . . . , s0} = |r1 − r′1|.
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Thus
|| c− d||c − d||∞ −
e′
||e′||∞ ||∞ = max{|
ri − r′i
|r1 − r′1|
− ei
e1
| | i = 1, 2, . . . , s0}
≤max{|αi + ǫ2
α1 − ǫ2 −
ei
e1
|, |αi − ǫ2
α1 + ǫ2
− ei
e1
| | i = 2, . . . , s0} < ǫ1,
where we use the fact that αi − ǫ2 > 0 for the first equality. 
Lemma 6.6. Let p0, s, k be three positive integers, ǫ0 a positive real number,
||.|| a norm of Rs, ||.||∞ the maximum norm, and a = (a1, . . . , ak) ∈ Rk>0
and v ∈ Rs two points, such that ∑ki=1 ai = 1 and v /∈ Qs. Let V ⊂ Rs be
the rational envelope of v, and e ∈ V a nonzero vector. Then there exist
a positive integer n0, and two vectors v
′ ∈ V and a′ = (a′1, . . . , a′k) ∈ Rk>0,
such that
(1) p0 | n0,
(2)
∑k
i=1 a
′
i = 1,
(3) n0(v
′,a′) ∈ Zs+k,
(4) ||v − v′|| < ǫ0n0 , ||a − a′||∞ < ǫ0n0 , and
(5) || v−v′||v−v′|| − e||e|| || < ǫ0.
Proof. Let v1, . . . ,vs0 be a basis of V , such that vi ∈ Qs for any
1 ≤ i ≤ s0, and e ∈ SpanR≥0({v1, . . . ,vs0}). Then there exist a
non-negative integer k0, real numbers r1, . . . , rs0+k0 and e1, . . . , es0 ≥ 0,
such that r0 := 1, r1, . . . , rs0+k0 are linearly independent over Q, ai ∈
SpanQ({r0, . . . , rs0+k0}) for any 1 ≤ i ≤ k, and
v =
s0∑
i=1
rivi,e =
s0∑
i=1
eivi.
Hence there exist Q-linear functions ai(x0, x1, . . . , xs0+k0) and positive inte-
gers l,M1, such that for any i, ai(r0, r1, . . . , rs0+k0) = ai, lai(x0, x1 . . . , xs0+k0)
is a Z-linear function and
|ai(x0, x1, . . . , xs0+k0)| ≤M1max{|xi| | i = 0, 1, . . . , s0 + k0}
for any (x0, x1, . . . , xs0+k0) ∈ Rs0+k0+1.
We define a norm ||.||∗ on V as follows. For any y ∈ V , let ||y||∗ :=
max{|yi| | i = 1, 2, . . . , s0}, where y1, . . . , ys0 are unique real numbers such
that y =
∑s0
i=1 yivi.
By Lemma 6.4, there exists a positive real number M2, such that
|| y||y|| −
z
||z||| || ≤M2||
y
||y||∗ −
z
||z||∗ ||∗
for any non-zero vectors y,z ∈ V . Moreover, possibly replacing M2 with a
larger number, we may assume that
||y − z|| ≤M2||y − z||∗
for any vectors y,z ∈ V .
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Let r := (r1, . . . , rs0+k0), a := min{a1, . . . , ak}, and ǫ1 a positive real
number such that
ǫ1 < min{ ǫ0
M1
,
a
M1
,
ǫ0
M2
}.
Let e′ := (e1, . . . , es0), and c := (r1, . . . , rs0). By Lemma 6.5, there exist a
positive integer n0 and a point r
′ ∈ Rs0+k0 , such that
• p0 | n0,
• n0r′ ∈ lZs0+k0 ,
• ||r − r′||∞ < ǫ1n0 , and
• || c−d||c−d||∞ − e
′
||e′||∞ ||∞ < ǫ1, where d = (r′1, . . . , r′s0).
Let v′ :=
∑s0
i=1 r
′
ivi, a
′
i := ai(1, r
′
1, . . . , r
′
s0+k0
) for any 1 ≤ i ≤ k, and
a′ := (a′1, . . . , a
′
k). Since
∑k
i=1 ai = 1 and r0, r1, . . . , rs0+k0 are linearly in-
dependent over Q,
∑k
i=1 ai(1, x1, . . . , xs0+k0) = 1 for any (x1, . . . , xs0+k0) ∈
Rs0+k0 . In particular,
∑k
i=1 a
′
i = 1.
We conclude that a′i are positive integers since
a′i ≥ ai − |ai − a′i| ≥ ai −M1||r − r′||∞
> a−M1 · ǫ1
n0
> 0.
Moreover, we have
n0a
′
i =
1
l
· ln0a′i =
1
l
· lai(n0, n0r′1, . . . , n0r′s0+k0) ∈ Z,
||v − v′|| ≤M2||v − v′||∗ =M2||c − d||∞ ≤M2||r − r′|| < M2ǫ1
n0
<
ǫ0
n0
,
||a− a′||∞ ≤M1||r − r′||∞ < M1ǫ1
n0
<
ǫ0
n0
,
and
|| v − v
′
||v − v′|| −
e
||e|| || ≤M2||
c− d
||c − d||∞ −
e′
||e′||∞ ||∞ < M2ǫ1 < ǫ0.

Proof of Theorem 6.1. By Theorem 1.10, there exist a positive integer n1
and a finite set Γ0 = {a1, . . . , ak} ⊆ (0, 1] depending only on d and Γ, such
that
∑k
i=1 ai = 1, and for any pair (X,B), contraction X → Z and z ∈ Z
satisfying the assumptions, there exist an lc pair (X, B˜), distinct reduced
divisors B1, . . . , Bm, and lc pairs (X,B
i :=
∑m
j=1 bi,jBj) for any 1 ≤ i ≤ k,
such that
• (X/Z ∋ z, B˜) is an R-complement of (X/Z ∋ z,B),
• ∑ki=1 aiBi = B˜, and
• (X/Z ∋ z,Bi) is an n1-complement of itself for every i. In particular,
bi,j ∈ 1n1N ∩ [0, 1].
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Moreover, if Γ¯ ⊂ Q, we may pick Γ0 = {1} and B˜ = B1. We define
T := { a1
kn21
,
a2
kn21
, . . . ,
ak
kn21
} ∪ { 1
kn1
(1− 1
n1
k∑
i=1
aimi) | mi ∈ N},
T>0 := T ∩ (0,+∞), and ǫ0 a positive real number such that
ǫ0 < min{ ǫ
n1
, T>0}.
By Lemma 6.6, there exist a positive integer n0, v
′ ∈ Rs, and a′ :=
(a′1, . . . , a
′
k) ∈ Rk such that
• p | n0,
• ∑ki=1 a′i = 1,
• n0(v′,a′) ∈ Zs+k,
• ||v − v′|| < ǫ0n0 , ||a − a′||∞ < ǫ0n0 , and
• || v−v′||v−v′|| − e||e|| || < ǫ0.
Let n := n0n1 and B
+ :=
∑k
i=1 a
′
iB
i. Then p | n, nv′ ∈ Zs,
||v − v′|| < ǫ0
n0
<
ǫ
n
, ||a− a′||∞ < ǫ0
n0
<
ǫ
n
,
and
|| v − v
′
||v − v′|| −
e
||e|| || < ǫ0 < ǫ.
In particular, when Γ¯ ⊂ Q, a′1 = 1, B+ = B1 = B˜, and (X/Z ∋ z,B+) is a
monotonic n-complement of (X/Z ∋ z,B).
We claim that (X/Z ∋ z,B+) is an n-complement of (X/Z ∋ z, B˜), hence
an n-complement of (X/Z ∋ z,B), and we are done. Possibly shrinking Z
to a neighborhood of z, we have
n(KX +B
+) = n
k∑
i=1
a′i(KX +B
i) =
k∑
i=1
a′in0n1
n1
· n1(KX +Bi) ∼Z 0,
and (X,B+) is lc. In particular, n
∑k
i=1 a
′
ibi,j is an integer for any 1 ≤ j ≤ m.
If
∑k
i=1 aibi,j = 1 for some 1 ≤ j ≤ m, then bi,j = 1 for any 1 ≤ i ≤ k as∑k
i=1 ai = 1 and 0 ≤ bi,j ≤ 1. Thus
∑k
i=1 a
′
ibi,j = 1.
It suffices to show that if
∑k
i=1 aibi,j < 1 for some 1 ≤ j ≤ m, then
n
k∑
i=1
a′ibi,j ≥ ⌊(n+ 1)
k∑
i=1
aibi,j⌋.
We may assume that
∑k
i=1 a
′
ibi,j < 1 and
∑k
i=1 aibi,j > 0. Since
n
∑k
i=1 a
′
ibi,j ≥ ⌊(n + 1)
∑k
i=1 a
′
ibi,j⌋, we only need to prove
⌊(n+ 1)
k∑
i=1
aibi,j⌋ = ⌊(n+ 1)
k∑
i=1
a′ibi,j⌋ = n
k∑
i=1
a′ibi,j,
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or
n
k∑
i=1
a′ibi,j + 1 > (n+ 1)
k∑
i=1
aibi,j ≥ n
k∑
i=1
a′ibi,j.
The above inequality holds since
n
k∑
i=1
(a′i − ai)bi,j ≤ nk ·
ǫ0
n0
= n1kǫ0 ≤
k∑
i=1
aibi,j,
and
n
k∑
i=1
(ai − a′i)bi,j ≤ nk ·
ǫ0
n0
= n1kǫ0 < 1−
k∑
i=1
aibi,j.

Example 6.7 provides a counterexample to Theorem 6.1 if we replace the
assumption “Γ is a DCC set” with “Γ\{0} is a set bounded away from 0”.
Example 6.7. Let p1, p2, p3, p4 be four different closed points on P
1. For
any integer m ≥ 2, we consider the lc pairs
(X,Bm) :=
(
P1, (
1
2
− 1
m
)(p1 + p2) + (
1
2
+
1
m
)(p3 + p4)
)
.
If n = 2k + 1 ≥ 1 is odd, suppose that (X,B2k+2) has an n-complement
(X,B+2k+2), then
B+2k+2 ≥
k
2k + 1
(p1 + p2) +
k + 2
2k + 1
(p3 + p4),
hence degB+2k+2 > 2, a contradiction.
If n = 2k ≥ 2 is even, suppose that (X,B2k) has an n-complement
(X,B+2k), then
B+2k ≥
k − 1
2k
(p1 + p2) +
k + 2
2k
(p3 + p4),
hence degB+2k > 2, a contradiction.
In conclusion, Theorem 1.8 does not hold for the set
Γ := {1
2
− 1
m
,
1
2
+
1
m
| 2 ≤ m,m ∈ N+}.
Example-Proposition 6.8, inspired by [BS03], shows that the “approxima-
tion” part of Theorem 6.1 cannot be improved when s ≥ 2. We remark that
it is not optimal when s = 1.
Example-Proposition 6.8. Let ||.||∞ be the maximal norm on R2, e :=
(1, 1) ∈ R2, and g : R≥0 → R≥0 an increasing function, such that
limx→+∞ g(x) = +∞. Let m be a positive integer such that g(x) ≥ 2 for any
x ≥ m. Then there exists a point v = (r1, r2) ∈ R2 satisfying the following.
For any positive integer n ≥ m and any point vn ∈ R2 such that nvn ∈ Z2,
we have
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(1) 1, r1, r2 are linearly independent over Q. In particular, the rational
envelope of v is R2, and
(2) either
||v − vn||∞ > 1
ng(n)
,
or
|| v − vn||v − vn|||∞ − e||∞ > 1.
Proof. Since g(x) is an increasing function such that limx→+∞ g(x) = +∞,
we may pick a sequence of positive integers {di}∞i=0 satisfying the following:
1) d0 := 3, 2) di | di+1, 3) g(di+1) > 2di, and 4) di+1 > 2d2i .
We show that we may pick v = (r1, r2), where
r1 := 1−
+∞∑
k=0
1
d4k
and r2 := 1−
+∞∑
k=0
1
d4k+2
.
According to 1) and 4), r1, r2 are well-defined, and r1, r2 > 0.
We first show (1). Suppose that there exist integers a, b, c such that
|a|+ |b|+ |c| > 0 and a+ br1 + cr2 = 0. Then |b|+ |c| > 0. Pick l > 0 such
that d4l > |b|+ |c|. Consider the rational approximation
r1,l := 1−
l∑
k=0
1
d4k
and r2,l := 1−
l∑
k=0
1
d4k+2
.
If |c| > 0, then on the one hand we have
|a+ br1,l + cr2,l| =|b(r1,l − r1) + c(r2,l − r2)| ≤ 2(|b|+ |c|)
d4l+4
<
|b|+ |c|
d24l+3
<
|b|+ |c|
4d24l+2
<
1
4d4l+2
.
On the other hand, d4l+2(a+ br1,l+ cr2,l) is an integer, and d4l+2(a+ br1,l+
cr2,l) 6= 0 since d4l+2(a+ br1,l+ cr2,l) ≡ −c 6= 0 (mod d4l+2d4l ), a contradiction.
If |c| = 0 and |b| > 0, then on the one hand we have
|a+ br1,l + cr2,l| = |b(r1,l − r1)| ≤ 2|b|
d4l+4
<
|b|
d24l+3
<
1
4d4l
.
On the other hand, d4l(a+br1,l+cr2,l) is an integer, and d4l(a+br1,l+cr2,l) 6=
0 since d4l(a + br1,l + cr2,l) ≡ −b 6= 0 (mod d4ld4l−4 ), a contradiction. Hence
we prove (1).
We now prove (2). We may assume that
|| v − vn||v − vn||∞ − e||∞ ≤ 1.
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Since e = (1, 1), all the coordinates of v−vn are non-negative. In particular,
for any vn := (vn,1, vn,2) such that nvn ∈ Z2, we have
||v − vn|| =max{r1 − vn,1, r2 − vn,2} = 1
n
max{nr1 − nvn,1, nr2 − nvn,2}
≥ 1
n
max{{nr1}, {nr2}}.
It suffices to show that for any positive integer n ≥ m, we have
max{{nr1}, {nr2}} > 1
g(n)
.
For any n ≥ m, there are two possibilities: either d4k+1 ≤ n ≤ d4k+3 or
d4k−1 ≤ n ≤ d4k+1 for some k ≥ 0 (here we set d−1 := 1).
First suppose that d4k+1 ≤ n ≤ d4k+3. We will show that {nr1} > 1g(n) .
If d4k | n, then
{nr1} = 1−
+∞∑
i=k+1
n
d4i
> 1− 1
2d4k+2
≥ 1
2
≥ 1
g(n)
.
If d4k ∤ n, then
{nr1} ={(n −
k∑
i=0
n
d4i
)−
+∞∑
i=k+1
n
d4i
}
≥ 1
d4k
−
+∞∑
i=k+1
n
d4i
>
1
2d4k
>
1
g(d4k+1)
≥ 1
g(n)
.
Now we suppose that d4k−1 ≤ n ≤ d4k+1. We will show that {nr2} > 1g(n) .
If either d4k−2 | n or k = 0, then
{nr2} = 1−
+∞∑
i=k
n
d4i+2
> 1− 1
2d4k
≥ 1
2
≥ 1
g(n)
.
If k ≥ 1 and d4k−2 ∤ n, then
{nr2} ={(n −
k−1∑
i=0
n
d4i+2
)−
+∞∑
i=k
n
d4i+2
}
≥ 1
d4k−2
−
+∞∑
i=k
n
d4i+2
>
1
2d4k−2
>
1
g(d4k−1)
≥ 1
g(n)
.
In conclusion, max{{nr1}, {nr2}} > 1g(n) , hence we prove (2). 
7. Proof of the main theorems
7.1. Proof of Theorem 1.4. The main goal of this subsection is to prove
Theorem 1.4. First we need to prove a lemma which is similar to [PS01,
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Proposition 6.2] and [Bir19, Proposition 6.7]. For readers’ convenience, we
give a full proof here.
Lemma 7.1. Let n be a positive integer, X → Z a contraction, (X,B) a
pair, and z ∈ Z a closed point. Over a neighborhood of z, assume that
(1) (X,B) is lc,
(2) −(KX +B) is nef over Z,
(3) KS +BS := (KX +B)|S,
(4) nB, nBS are Weil divisors,
(5) (X,C) is plt for some C,
(6) −(KX + C) is big and nef over Z,
(7) S = ⌊C⌋ ⊂ ⌊B⌋ is a prime divisor,
(8) S intersects the fiber of X → Z over z, and
(9) there exists a monotonic n-complement (S,B+S ) of (S,BS).
Then there exists a monotonic n-complement (X/Z ∋ z,B+) of (X/Z ∋
z,B) such that (KX +B
+)|S = KS +B+S .
Proof. Let g : W → X be a log resolution of (X,B + C). We define
−NW := KW +BW := g∗(KX +B),
and
KW + CW := g
∗(KX + C).
Let SW be the strict transform of S onW . Since S is normal, the induced
birational morphism g|SW : SW → S is a birational contraction. Therefore,
−NW |SW = (KW +BW )|SW = g|∗SW (KS +BS).
By assumption, there exists RS ≥ 0, such that (S,BS + RS) is an n-
complement of (S,BS). Let RSW be the pullback of RS on SW , we have
nNW |SW ∼ nRSW ≥ 0.
In the following, we want to lift RSW from SW to W .
Let TW := ⌊B≥0W ⌋, ∆W := BW − TW , and
LW := −nKW − nTW − ⌊(n + 1)∆W ⌋.
We may replace C with (1− a)C + aB for some a ∈ (0, 1) sufficiently close
to 1, and assume that
||CW − SW −∆W + {(n + 1)∆W }|| < 1.
We claim that there exists a divisor PW on W , such that (W,ΛW ) is plt
and ⌊ΛW ⌋ = SW , where
ΛW := CW + n∆W − ⌊(n + 1)∆W ⌋+ PW .
More precisely, we let multSW PW := 0 for each prime divisor DW 6= SW ,
and let
multDW PW : = −multDW ⌊CW + n∆W − ⌊(n+ 1)∆W ⌋⌋
= −multDW ⌊CW −∆W + {(n + 1)∆W }⌋.
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This implies that 0 ≤ multDW PW ≤ 1. Moreover, PW is exceptional over
X. Indeed, suppose that DW is an irreducible component of PW which is not
exceptional over X. Then DW 6= SW . Since nB is integral, multDW (n∆W −
⌊(n+1)∆W ⌋) = 0, and multDW PW = −multDW ⌊CW ⌋ = 0, a contradiction.
Since ||n∆SW − ⌊(n + 1)∆SW ⌋|| < 1, we have
(LW + PW )|SW = (−nKW − nTW − ⌊(n+ 1)∆W ⌋+ PW )|SW
= (nNW + n∆W − ⌊(n + 1)∆W ⌋+ PW )|SW
∼ GSW : = nRSW + n∆SW − ⌊(n + 1)∆SW ⌋+ PSW ≥ 0,
where ∆SW := ∆W |SW and PSW := PW |SW .
We have
LW + PW − SW = nNW + n∆W − ⌊(n + 1)∆W ⌋+ PW − SW
= nNW + ΛW − CW − SW
= KW + (ΛW − SW )− (KW + CW ) + nNW .
Since (W,ΛW −SW ) is klt and −(KW +CW ) + nNW is big and nef over Z,
R1h∗(OW (LW + PW − SW )) = 0 by relative Kawanata-Viehweg vanishing
theorem [KMM87, Theorem 1-2-5], where h is the induced morphism W →
Z. From the exact sequence
0→ OW (LW +PW −SW )→ OW (LW +PW )→ OSW ((LW +PW )|SW )→ 0,
we deduce that
H0(W,LW + PW )→ H0(SW , (LW + PW )|SW )
is surjective, and there exists GW ≥ 0 on W such that GW |SW = GSW .
Let G,L, P,∆ be the strict transforms of GW , LW , PW ,∆W on X
respectively. Since PW is exceptional over X, P = 0. Since nB is integral,
we have n∆ = ⌊(n+ 1)∆⌋ and
−n(KX +B) = −nKX − nT − n∆
= −nKX − nT − ⌊(n + 1)∆⌋
= L = L+ P ∼ G ≥ 0.
Let nR := G,B+ := B +G, then n(KX +B
+) ∼ 0.
It suffices to show that (X,B+) is lc. First we construct the desired RW
on W , such that RW |SW = RSW . Let
nRW : = GW − PW − n∆W + ⌊(n + 1)∆W ⌋
∼ LW − n∆W + ⌊(n + 1)∆W ⌋
= nNW ∼Q,X 0,
we get g∗(nRW ) = G = nR, and RW is the pullback of R on W . Now
nRSW = GSW − PSW − n∆SW + ⌊(n+ 1)∆SW ⌋
= (GW − PW − n∆W + ⌊(n+ 1)∆W ⌋)|SW = nRW |SW ,
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which means RSW = RW |SW as required. In particular, R|S = RS, and
n(KS +B
+
S ) = n(KX +B
+)|S .
By inversion of adjunction, (X,B+) is lc near S. Suppose that (X,B+) is
not lc, then there exists a real number a ∈ (0, 1) which is sufficiently close
to 1, such that (X, aB++(1− a)C) is not lc and is lc near S. In particular,
the lc locus of (X, aB+ + (1− a)C) is not connected. Since
−(KX + aB+ + (1− a)C) = −a(KX +B+)− (1− a)(KX + C)
is big and nef, we get a contradiction according to the Shokurov–Kolla´r
connectedness principle. 
Lemma 7.2. Let I be a positive integer, (X,C) a plt pair, (X,B) an lc
pair, and S := ⌊C⌋ ⊂ ⌊B⌋ a prime divisor. Let KS + BS := (KX + B)|S.
Suppose that
(1) IB, IBS are Weil divisors, and
(2) I(KS +BS) is Cartier,
then I(KX +B) is Cartier near S.
Proof. Apply Lemma 7.1 to the identity map X → X and any closed point
s ∈ S, we deduce that I(KX + B) is Cartier near s for any closed point
s ∈ S. 
By Lemma 7.2, we can bound the Cartier indices of Weil divisors on
Q-factorial weak ǫ-plt blow ups.
Proposition 7.3. Let d be a positive integer, ǫ a positive real number, and
Γ ⊂ [0, 1] a finite set of rational numbers. Then there exists a positive
integer I depending only on d, ǫ and Γ, such that for any normal variety X
of dimension d and closed point x ∈ X, if
(1) there exists a klt germ (X ∋ x,∆) and a Q-factorial weak ǫ-plt blow-
up f : Y → X of (X ∋ x,∆) with the reduced component E, and
(2) there exists an R-divisor BY ∈ Γ on Y , such that (Y/X ∋ x,BY +E)
is R-complementary,
then I(KY + BY + E) is Cartier near E. Moreover, the Cartier index of
any component of BY near E is not larger than I.
Proof. Write BY =
∑
biBi, where Bi are the irreducible components of
B. By Lemma 4.1, (E,BE := DiffE(BY )) and (E,BE,i := DiffE(biBi))
are log bounded, and all the coefficients of BE and BE,i belong to a finite
set of rational numbers. By [Bir19, Lemma 2.24], there exists a positive
integer I depending only on d, ǫ and Γ such that both I(KE + BE,i) and
I(KE + DiffE(0)) are Cartier. By Lemma 7.2, both I(KY + biBi + E) and
I(KY +E) are Cartier near E. Possibly replacing I with a bounded multiple,
we may assume that IBi and I(KY +BY + E) are Cartier near E. 
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Proposition 7.4. Let d be a positive integer and ǫ0, ǫ two positive real
numbers. Then there exists a positive integer I depending only on d, ǫ0 and
ǫ, such that for any ǫ0-lc germ (X ∋ x,B) of dimension d, if there exists
either an ǫ-plt blow-up or a Q-factorial weak ǫ-plt blow-up f : Y → X of
(X ∋ x,B) with the reduced component E, then IE is Cartier.
Proof. By Proposition 4.4, there exists a positive integer I depending only
on d, ǫ0 and ǫ, such that IE|E is Cartier. By Theorem A.1, IE is Cartier. 
Definition 7.5. Let (X,B) be a pair and A an R-Cartier R-divisor on X.
The R-linear system of A is defined by |A|R = {L | A ∼R L ≥ 0}. We define
the lc threshold of |A|R with respect to (X,B) as
lct(X,B; |A|R) := inf{lct(X,B,L) | L ∈ |A|R}.
The following theorem is proved by Birkar. It would be useful in the proof
of Theorem 7.8.
Theorem 7.6 ([Bir16, Theorem 1.6]). Let d, r be two positive integers and ǫ
a positive real number. Then there exists a positive real number t depending
only on d, r and ǫ satisfying the following. Assume that
(1) (X,B) is a projective ǫ-lc pair of dimension d,
(2) A is a very ample divisor on X such that Ad ≤ r,
(3) A−B is ample, and
(4) M ≥ 0 is an R-Cartier R-divisor on X with |A−M |R 6= ∅.
Then
lct(X,B; |M |R) ≥ lct(X,B; |A|R) > t.
Proposition 7.7. Let d be a positive integer and ǫ, δ two positive real
numbers. Then there exists a positive real number t depending only on d, ǫ
and δ satisfying the following. Assume that
(1) (X ∋ x,B) is a klt germ of dimension d,
(2) there exists a Q-factorial weak ǫ-plt blow up f : Y → X of (X ∋ x,B)
with the reduced component E, and
(3) all the (non-zero) coefficients of B are ≥ δ,
then (Y, (1 + t)BY + E) is plt near E, where BY is the strict transform of
B on Y .
Proof. Let
KE +BE := (KY +BY + E)|E .
By Lemma 4.1, (E,BE) is log bounded. Thus there exists a positive real
number r depending only on d, ǫ and δ, and a very ample Cartier divisor
A on E, such that Ad−1 ≤ r and A − BE is ample. Since BE ≥ BY |E , by
Theorem 7.6, there exists a positive real number t depending only on d, ǫ
and δ, such that lct(E,BE ;BY |E) > t. By Theorem 3.10, (Y, (1+ t)BY +E)
is plt near E. 
Now we can prove the main result of this section.
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Theorem 7.8. Let d be a positive integer, ǫ0, ǫ,M three positive real
numbers, and Γ ⊂ [0, 1] a DCC set. Then there exists an ACC set Γ′
depending only on d, ǫ0, ǫ,M and Γ, and an ACC set Γ
′′ depending only
on d, ǫ0, ǫ and Γ satisfying the following. Assume that
• (X ∋ x,B) is an ǫ0-lc germ of dimension d,
• B ∈ Γ,
• there exists a Q-factorial weak ǫ-plt blow-up f : Y → X of (X ∋
x,B), and
• F is a prime divisor over X ∋ x such that a(F,X,B) ≤M ,
then
(1) a(F,X,B) ∈ Γ′, and
(2) mld(X ∋ x,B) ∈ Γ′′.
Proof. First we show (1). Let E be the reduced component of f and BY
the strict transform of B on Y . For simplicity, we let e := a(E,X,B).
By Theorem 1.10, there exist two positive integers k, n, a finite set Γ0 =
{a1, . . . , ak} ⊂ (0, 1] depending only d and Γ, and Q-divisors B1, . . . , Bk ≥ 0
on Y , such that
• ∑ki=1 ai = 1 and B′Y + E :=∑ki=1 ai(Bi + E) ≥ BY + E, and
• each (Y/X ∋ x,Bi + E) is a monotonic n-complement of itself.
By Proposition 7.3 and Proposition 7.4, there exists a positive integer I
depending only on d, ǫ0, ǫ and Γ, such that
• IE is Cartier, and
• ID is Cartier near E for every irreducible component D of B′Y .
We have
M ≥ a(F,X,B) = a(F, Y,BY + (1− e)E) = emultF E + a(F, Y,BY + E)
= emultF E + a(F, Y,B
′
Y +E) + multF (B
′
Y −BY )
= emultF E +
k∑
i=1
aia(F, Y,Bi + E) + multF (B
′
Y −BY ).
It suffices to show that emultF E,
∑k
i=1 aia(F, Y,Bi+E), and multF (B
′
Y−
BY ) belong to an ACC set.
Since IE is Cartier and multF E ≤ Me ≤ Mǫ0 , multF E belongs to a finite
set. By Proposition 4.3, e belongs to an ACC set, thus emultF E belongs
to an ACC set.
Since each n(KY + Bi + E) is Cartier near E,
∑k
i=1 aia(F, Y,Bi + E)
belongs to a finite set.
Finally, we show that multF (B
′
Y −BY ) belong to an ACC set. Since the
coefficients of B′Y −BY belong to an ACC set of non-negative real numbers
and ID is Cartier near E for every irreducible component D of B′Y , it is
enough to show that multF D is bounded from above.
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By Proposition 7.7, there exists a positive real number t depending only
d, ǫ and Γ, such that (Y, (1 + t)BY + E) is plt near E. We have
0 ≤ a(F, Y, (1 + t)BY + E) = a(F, Y,BY + E)− tmultF BY
≤ a(F,X,B)− tmultF BY ≤M − tmultF BY ,
which implies that multF BY ≤ Mt . Since Γ is a DCC set, for any irreducible
component D of BY , multF D is bounded from above.
For any irreducible component D of B′Y such that D 6⊆ SuppBY , we have
M ≥ multF (B′Y −BY ) ≥ multF
(
(multD(B
′
Y −BY ))D
)
= multF
(
(multD(B
′
Y ))D
) ≥ 1
n
min
1≤i≤k
{ai}multF D.
Thus multF D ≤ Mnmin1≤i≤k{ai} .
Hence multF D is bounded from above for every irreducible component
D of B′Y , and we prove (1).
Since mld(X ∋ x,B) ≤ a(E,X,B) and a(E,X,B) belongs to an ACC set
by Proposition 4.3, (2) follows immediately from (1). 
Proof of Theorem 1.4. Since (X ∋ x,B) admits an ǫ-plt blow-up, according
to Lemma 3.13, there exists a Q-factorial weak ǫ-plt blow-up of (X ∋ x,B).
The theorem follows from Theorem 7.8. 
7.2. Proofs of Theorem 1.2 and Theorem 1.3.
Theorem 7.9. Let d be a positive integer, ǫ0, ǫ two positive real numbers,
and Γ ⊂ [0, 1] a finite set. Assume that (X ∋ x,B) is an lc germ of
dimension d, such that
(1) B ∈ Γ,
(2) (X ∋ x,∆) is an ǫ0-lc germ for some boundary ∆, and
(3) (X ∋ x,∆) admits an ǫ-plt blow-up.
Then for any prime divisor F over X ∋ x, a(F,X,B) belongs to a discrete
set depending only on d, ǫ0, ǫ and Γ. Moreover, mld(X ∋ x,B) belongs to a
finite set depending only on d, ǫ0, ǫ and Γ.
Proof. By Theorem 5.6, there exist a finite set of positive real numbers
Γ0 = {a1, . . . , ak} ⊂ (0, 1] and a finite set of rational numbers Γ1 depending
only on d and Γ, and Q-divisors B1, . . . , Bk ≥ 0 on X, such that
• (X ∋ xi, Bi) is lc for every i,
• Bi ∈ Γ1 for every i, and
• ∑ki=1 ai = 1 and B =∑ki=1 aiBi.
Then for any prime divisor F over X ∋ x, we have
a(F,X,B) =
k∑
i=1
aia(F,X,Bi).
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Since (X ∋ x,∆) is an ǫ0-lc germ and admits an ǫ-plt blow-up, by Theorem
1.6, there exists a positive integer I depending only on d, ǫ0 and ǫ such that
I(KX + Bi) is Cartier near x for every i. Therefore, a(F,X,Bi) belong to
the discrete set 1IN. Thus a(F,X,B) belongs to a discrete set.
In particular, mld(X ∋ x,B) belongs to a discrete set. Let E be the
reduced component of an ǫ-plt blow-up of (X ∋ x,∆). By Proposition 4.3,
a(E,X,B) is bounded from above. Since mld(X ∋ x,B) ≤ a(E,X,B),
mld(X ∋ x,B) is bounded from above. Thus mld(X ∋ x,B) belongs to a
finite set. 
Corollary 7.10. Fix a normal variety X, a closed point x ∈ X, and a finite
set Γ ⊂ [0, 1]. Suppose that (X ∋ x,∆) is a klt germ. Then
{a(E,X,B) | centerX E = x, (X ∋ x,B) is lc, B ∈ Γ}
is a discrete set. In particular,
{mld(X ∋ x,B) | (X ∋ x,B) is lc, B ∈ Γ}
is a finite set.
Proof. This follows from Lemma 3.12 and Theorem 7.9. 
Remark 7.11. Corollary 7.10 can be viewed as a generalization of [Kaw11,
Theorem 1.1, Theorem 1.2] as we do not need to assume that B ≥ ∆.
Proof of Theorem 1.3. Let E be the reduced component of f , a := a(E,X,B),
and BY the strict transform of B on Y .
For any prime divisor F over X ∋ x such that F 6= E,
a(F,X,B) = a(F, Y,BY + (1− a)E) ≥ a(F, Y,BY + E) > ǫ,
which implies (2).
Next we show (1). By Proposition 4.3, a belongs to an ACC set (resp. an
ACC set whose only possible accumulation point is 0). Therefore, we may
assume that mld(X ∋ x,B) is not attained at E. By (2), we may assume
that a > ǫ. It follows that (X ∋ x,B) is an ǫ-lc germ which admits an ǫ-plt
blow-up. In particular, when Γ is a finite set, (1) follows from Theorem 7.9.
Since a belongs to an ACC set, there exists a positive integerM depending
only on d, ǫ and Γ, such that mld(X ∋ x,B) ≤ a(E,X,B) ≤M . Thus
mld(X ∋ x,B) ∈ LD(d, ǫ, ǫ,Γ) ∩ [0,M ],
which is an ACC set by Theorem 1.4, and we prove (1). 
Proof of Theorem 1.2. By Lemma 3.16 and Lemma 3.22, we may assume
that d ≥ 2, (X ∋ x,B) is a klt germ, and there exists a positive real number
ǫ depending only on d and Γ such that (X ∋ x,B) admits an ǫ-plt blow-up.
Theorem 1.2 follows from Theorem 1.3. 
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8. Applications
8.1. Monotonic klt local complements. By applying a similar argument
as the proof of Theorem 7.8, we show the existence of monotonic klt n-
complements for ǫ0-lc germs admitting an ǫ-plt blow-up.
Theorem 8.1 (Existence of monotonic klt local complements). Let d be a
positive integer, ǫ0, ǫ two positive real numbers, and Γ ⊂ [0, 1] a DCC set.
There exists a positive integer n depending only on d, ǫ0, ǫ and Γ satisfying
the following.
Let (X ∋ x,B) be an ǫ0-lc germ of dimension d, such that
(1) B ∈ Γ,
(2) (X ∋ x,B) admits an ǫ-plt blow-up, and
(3) all the irreducible components of B are Q-Cartier near x.
Then there exists a monotonic klt n-complement (X ∋ x,B+) of (X ∋ x,B).
Proof. By Lemma 3.13, there exists a Q-factorial weak ǫ-plt blow-up f :
Y → X of (X ∋ x,B) with the reduced component E.
Let BY be the strict transform of B on Y . By Lemma 7.7, there exists
a positive real number t ≤ 1 depending only one d, ǫ and Γ, such that
(Y, (1 + t)BY +E) is plt near E. Since all the irreducible components of B
are Q-Cartier near x, KX is Q-Cartier near x, and f is also a Q-factorial
weak ǫ-plt blow-up of (X ∋ x, 0). By Proposition 4.3, there exists a positive
real number M ≥ 1 depending only on d and ǫ such that a(E,X, 0) ≤ M .
Possibly replacing ǫ0 with min{ǫ0, 1}, we may assume that ǫ0 ≤ 1. Define
s0 := min{1, γ > 0 | γ ∈ Γ} and δ := ǫ0s0t4M . By Theorem 5.18, there exists a
finite set Γ′ depending only on d, ǫ0, ǫ and Γ, and an R-divisor B′ ≥ B, such
that
• (X ∋ x,B′) is lc,
• B′ ∈ Γ′,
• SuppB′ = SuppB, and
• multD(B′ −B) < δ for every irreducible component D of B.
Thus δs0B ≥ δ SuppB ≥ B′ − B, which implies that ( δs0 + 1)B ≥ B′. We
have
a(E,X, (1 + δ)B′) =a(E,X,B) −multE((1 + δ)B′ −B)
≥a(E,X,B) −multE((1 + δ)( δ
s0
+ 1)B −B)
≥ǫ0 − ((1 + δ)( δ
s0
+ 1)− 1)multE B
≥ǫ0 − 3ǫ0t
4M
multE B
=ǫ0 − 3ǫ0t
4M
(a(E,X, 0) − a(E,X,B))
≥ǫ0 − 3ǫ0t
4
≥ 1
4
ǫ0.
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Hence KY + (1 + δ)BY + E ≥ f∗(KX + (1 + δ)B′),
a(F,X, (1 + δ)B′) ≥ a(F, Y, (1 + δ)BY + E) > 0
for any prime divisor F 6= E over X ∋ x, and (X ∋ x, (1 + δ)B′) is klt.
Since Γ′ is a finite set, there exists a finite set Γ0 of rational numbers
depending only on d, ǫ0, ǫ and Γ, and a Q-divisor B
+ ∈ Γ0 on X, such that
(1+δ)B′ ≥ B+ ≥ B′. Now the existence of n follows from Theorem 1.6. 
8.2. Miscellaneous results for exceptional singularities.
8.2.1. ACC for a-lc thresholds of exceptional singularities. a-lc thresholds
is an important algebraic invariant. In particular, when a = 0, 1, we get the
lc thresholds and the canonical thresholds respectively. The third author
conjectured that the set of a-lc thresholds satisfies the ACC:
Conjecture 8.2 (ACC for a-lc thresholds). Let d be a positive integer, a a
non-negative real number, and Γ a DCC set. Then
{a- lct(X ∋ x,B;D) | dimX = d, (X ∋ x,B) is lc, B,D ∈ Γ}
is an ACC set.
Hacon-McKernan-Xu [HMX14] proved Conjecture 8.2 for a = 0. Birkar-
Shokurov [BS10] showed that Conjecture 8.2 follows from Conjecture 1.1,
hence Conjecture 8.2 holds for surfaces. When dimX ≥ 3, Conjecture 8.2
is still open in general. [Kaw18] showed that Conjecture 1.1 and Conjecture
8.2 are equivalent for any fixed germ, and [Liu18] showed that Conjecture
1.1 and Conjecture 8.2 are equivalent for non-canonical singularities.
As an application of Theorem 1.2, we can prove the ACC for a-lc
thresholds of exceptional singularities.
Theorem 8.3. Let d be a positive integer, a a non-negative real number,
and Γ ⊂ [0,+∞) a DCC set. Then for any lc germ (X ∋ x,B) of dimension
d and any R-Cartier R-divisor D on X, if
(1) (X ∋ x,B) is exceptional, and
(2) B,D ∈ Γ,
then
a- lct(X ∋ x,B;D)
belongs to an ACC set depending only on d, a and Γ.
Proof. We follow the argument in [BS10]. Suppose that the theorem does
not hold. Then there exist a sequence of lc germs (Xi ∋ xi, Bi) of dimension
d, and a strictly increasing sequence of positive real numbers ti, such that
for every i,
• Bi ∈ Γ,
• (Xi ∋ xi, Bi) is exceptional, and
• there exists an R-Cartier R-divisor Di on Xi, such that Di ∈ Γ and
ti = a-lct(Xi ∋ xi, Bi;Di).
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By Lemma 3.16, (Xi ∋ xi, Bi) is a klt germ. Let t0 := limi→+∞ ti. By
Theorem 3.9, possibly passing to a subsequence, we may assume that a > 0
and (Xi ∋ xi, Bi + t0Di) is lc for every i.
Let {ǫi}∞i=1 be a strictly decreasing sequence which converges to 0, such
that 0 < ǫi < 1 for any i. Let ai := mld(Xi ∋ xi, Bi + t0Di) and t′i :=
ti + ǫi(t0 − ti) for any i. Then (Xi ∋ xi, Bi + t′iDi) is a klt germ. Since
ti < t
′
i < t0, possibly passing to a subsequence, we may assume that t
′
i is
strictly increasing and all the coefficients of Bi + t
′
iDi belong to a DCC set.
Since (Xi ∋ xi, Bi) is exceptional and (Xi ∋ xi, Bi + t′iDi) is a klt germ,
(Xi ∋ xi, Bi+ t′iDi) is exceptional. By Theorem 1.2, mld(Xi ∋ xi, Bi+ t′iDi)
belongs to an ACC set. By the convexity of minimal log discrepancies, we
have
a > mld(Xi ∋ xi, Bi + t′iDi)
= mld(Xi ∋ xi, t
′
i − ti
t0 − ti (Bi + t0Di) +
t0 − t′i
t0 − ti (Bi + tiDi))
≥ t
′
i − ti
t0 − timld(Xi ∋ xi, Bi + t0Di) +
t0 − t′i
t0 − timld(Xi ∋ xi, Bi + tiDi)
=
t′i − ti
t0 − tiai +
t0 − t′i
t0 − tia = a−
(t′i − ti)(a− ai)
t0 − ti
= a− ǫi(a− ai) ≥ (1− ǫi)a.
Therefore, possibly passing to a subsequence, we may assume that mld(Xi ∋
xi, Bi + t
′
iDi) is strictly increasing and converges to a, which contradicts
Theorem 1.2. 
8.2.2. ACC for normalized volumes of exceptional singularities. [Li18] in-
troduced the normalized volumes to study K-stability and the existence
of Ka¨hler-Einstein metrics on Fano varieties. We refer the readers to
[Tia97, LX16, Li17] for works in this direction. It is conjectured that the
set of normalized volumes satisfies the ACC:
Conjecture 8.4 (ACC for normalized volumes, cf. [LLX18, Question 6.12]).
Let d ≥ 2 be an integer and Γ ⊂ [0, 1] a DCC (resp. finite) set. Then
{v̂ol(X ∋ x,B) | dimX = d, (X ∋ x,B) is a klt germ, and B ∈ Γ}
is an ACC set (resp. ACC set whose only possible accumulation point is 0).
The first author, Liu, and Qi announced a proof for Conjecture 8.4 when
X ∋ x is a fixed germ [HLQ20].
As an application of Theorem 1.2, we can prove Conjecture 8.4 for
exceptional singularities:
Theorem 8.5. Let d ≥ 2 be an integer and Γ ⊂ [0, 1] a DCC set. Assume
that (X ∋ x,B) is a klt exceptional singularity of dimension d such that
B ∈ Γ. Then
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(1) v̂ol(X ∋ x,B) belongs to an ACC set depending only on d and Γ,
and
(2) if Γ is a finite set, then
(a) the only possible accumulation point of v̂ol(X ∋ x,B) is 0, and
(b) v̂ol(X ∋ x,B) is bounded away from 0 if and only if mld(X ∋
x,B) is bounded away from 0.
Proof of Theorem 8.5. This follows from Lemma 3.16 and Theorem 4.5. 
8.2.3. Correspondence between exceptional singularities and exceptional pairs.
We recall the definition of exceptional pairs.
Definition 8.6. A pair (X,B) is called exceptional if
• X is projective,
• (X,B) is R-complementary, and
• every R-complement (X,B+) of (X,B) is klt.
We will show the following theorem.
Theorem 8.7. Let (X ∋ x,B) be a klt germ. For any plt blow-up f : Y → X
of (X ∋ x,B) with the reduced component E, we denote KE +BE := (KY +
f−1∗ B + E)|E. Then the following are equivalent:
(1) (X ∋ x,B) is an exceptional singularity.
(2) For every reduced component E of (X ∋ x,B), (E,BE) is an
exceptional pair.
(3) There exists a reduced component E of (X ∋ x,B), such that (E,BE)
is an exceptional pair.
To simplify the notation in the arguments below, we generalize the
notation of R-affine functional divisors, as in Definition 5.8, to multiple
variables.
Definition 8.8. Let c be a positive integer, X a normal variety, and Di
distinct prime divisors on X. Suppose that di(x1, . . . , xc) : R
c → R are
R-affine functions (resp. Q-affine functions). Then we call the formal
sum D(x1, . . . , xc) :=
∑
i di(x1, . . . , xc)Di an R-affine functional divisor (of
multiple variables) (resp. Q-affine functional divisor (of multiple variables)).
Lemma 8.9. Let (X,B) be a pair, X → Z a contraction, and z ∈ Z a point,
such that (X/Z ∋ z,B) has an R-complement (X/Z ∋ z,B+ := B + G).
Then there exists an R-complement (X/Z ∋ z,B′) of (X/Z ∋ z,B), such
that
(1) B′ ∈ SpanQ(Coeff(B) ∪ {1}), and
(2) for every prime divisor E over X, a(E,X,B+) = 0 if and only if
a(E,X,B′) = 0.
Proof. There exist two integers 0 ≤ c ≤ c′, two Q-affine functional divisors
B(x1, . . . , xc) and G(x1, . . . , xc′), and real numbers r0 := 1, r1, . . . , rc′
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which are linearly independent over Q, such that B = B(r1, . . . , rc),
G = G(r1, . . . , rc′), and SpanQ({r0, . . . , rc}) = SpanQ(Coeff(B) ∪ {1}).
If c = c′, then B′ := B+ satisfies the required properties. Therefore, we
may assume that c′ > c. By Lemma 5.4, there exists an open neighborhood
U ⊂ Rc′−c of (rc+1, . . . , rc′) such that for any (vc+1, . . . , vc′) ∈ U ,
• (X/Z ∋ z,B + G(r1, . . . , rc, vc+1, . . . , vc′)) is an R-complement of
(X/Z ∋ z,B), and
• for every prime divisor E over X, a(E,X,B+) = 0 if and only if
a(E,X,B +G(r1, . . . , rc, vc+1, . . . , vc′)) = 0 .
Then B′ := B + G(r1, . . . , rc, v0c+1, . . . , v
0
c′) satisfies the required properties
for any (v0c+1, . . . , v
0
c′) ∈ U ∩Qc
′−c. 
Proof of Theorem 8.7. We first show that (1) implies (2). Suppose that (2)
does not hold, then there exist a klt exceptional singularity (X ∋ x,B) and
a plt blow-up f : Y → X of (X ∋ x,B) with the reduced component E,
such that (E,BE) is not an exceptional pair. By Lemma 8.9, there exists
an R-complement (E,BE +GE) of (E,BE), such that (E,BE +GE) is not
klt, and GE ⊂ SpanQ(Coeff(B) ∪ {1}).
There exist real numbers r0 := 1, r1, . . . , rc which are linearly independent
over Q, a Q-affine functional divisor BY (x1, . . . , xc) on Y , and Q-affine
functional divisors BE(x1, . . . , xc) and GE(x1, . . . , xc) on E, such that
BY = BY (r), BE = BE(r), and GE = GE(r), where r := (r1, . . . , rc),
and BY is the strict transform of B on Y .
By adjunction formula for R-affine functional divisors (cf. [HLQ17,
Proposition 3.14]), we have
(KY +BY (v1, . . . , vc) +E)|E = KE +BE(v1, . . . , vc)
for any (v1, . . . , vc) ∈ Rc.
By Lemma 5.4, there exists a neighborhood U ⊂ Rc of r, such that for
any v ∈ U ,
• (E,BE(v) +GE(v)) is an R-complement of itself,
• (E,BE(v) +GE(v)) is not klt, and
• −(KY +BY (v) + E) is ample over X.
Let v1 := (v
1
1 , . . . , v
1
c ), . . . ,vc+1 := (v
c+1
1 , . . . , v
c+1
c ) ∈ U∩Qc be c+1 points
such that r belongs to the convex hull of these points. Let a1, . . . , ac+1 ∈
(0, 1] be real numbers such that
∑c+1
i=1 ai = 1 and
∑c+1
i=1 aivi = r. Then there
exists a positive integer n, such that for any 1 ≤ i ≤ c+ 1,
• (E,BE(vi) +GE(vi)) is an n-complement of itself, and
• nB(vi) and nBS(vi) are Weil divisors.
By Lemma 7.1, for each i, there exists a monotonic n-complement (Y/X ∋
x,BY (vi) + E +Gi) of (Y/X ∋ x,BY (vi) + E) such that
(KY +B(vi) + E +Gi)|E = KE +BE(vi) +GE(vi).
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Let GY :=
∑c+1
i=1 aiGi. Then (Y/X ∋ x,BY +E +GY ) is an R-complement
of itself, and (Y,BY + E + GY ) is not plt near E by Theorem 3.10. Thus
(X ∋ x,B) is not an exceptional singularity, a contradiction.
Since (2) implies (3), it suffices to show that (3) implies (1). Suppose
that (E,BE) is an exceptional pair, and (X ∋ x,B) is not an exceptional
singularity. Then there exist two R-Cartier R-divisors G ≥ 0 and G′ ≥ 0 on
X satisfying the following.
• E is the unique lc place of (X ∋ x,B +G), and
• there exist at least two lc places of (X ∋ x,B +G′).
For every real number 0 ≤ t ≤ 1, we define
h(t) := lct(X ∋ x,B + tG′;G).
h(t) is a monotonically decreasing function of t, h(0) = 1 and h(1) = 0. Let
t0 := sup{t ≥ 0 | E is the unique lc place of (X ∋ x,B + tG′ + h(t)G)}.
Then
• (X ∋ x,∆ := B + t0G′ + h(t0)G) is lc,
• E is an lc place of (X ∋ x,∆), and
• (X ∋ x,∆) has at least two different lc places.
Let ∆Y be the strict transform of ∆ on Y , and KE +DiffE(∆Y ) := (KY +
∆Y + E)|E . It follows that DiffE(∆Y ) ≥ BE , KE + DiffE(∆Y ) ∼R 0, and
(E,DiffE(∆Y )) is lc but not klt by Theorem 3.10. Hence (E,BE) is not an
exceptional pair, a contradiction. 
8.3. Complete regularities.
8.3.1. Definitions: dual complex, regularities, and complete regularities.
Definition 8.10 (Dual complex of a simple normal crossing variety, cf.
[Sho00]). Let E be a simple normal crossing variety with irreducible
components {Ei | i ∈ I}. A stratum of E is any irreducible component
F ⊂ ∩i∈JEi for some J ⊂ I. A dual complex of E, denoted by D(E), is a
CW-complex whose vertices are labeled by the irreducible components of E
and for every stratum F ⊂ ∩i∈JEi, we attach a (|J | − 1)-dimensional cell.
Definition 8.11 (Dual complex of log canonical places). Let (X,B) be an
lc pair, π : X → Z a contraction, and z ∈ Z a point. Let
e(X/Z ⊃ z) := {F | F is a prime divisor over X,π(centerX F ) ⊃ z¯}.
The set of all the log canonical places of (X,B) which belong to e(X/Z ∋
z) is denoted by LCP(X/Z ⊃ z,B).
Definition 8.12 (Regularities and complete regularities). Let (X,B) be an
lc pair, X → Z a contraction, and z ∈ Z a point. Let f : Y → X be a
dlt modification of (X,B) over a neighborhood of z with prime exceptional
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divisors E1, . . . , Ek, and E :=
∑
Ei∈e(X/Z⊃z)Ei. The regularity of (X/Z ∋
z,B) is
reg(X/Z ∋ z,B) := dimD(E),
where dimD(∅) := −1. reg(X/Z ∋ z,B) is independent of the choice of
f , c.f. [Sho00, 7.9], [dFKX17, Theorem 1]. The complete regularity of
(X/Z ∋ z,B) is
creg(X/Z ∋ z,B) := max{−∞, reg(X/Z ∋ z,B+) | (X/Z ∋ z,B+)
is an R-complement of (X/Z ∋ z,B)}.
For simplicity, when X → Z is the identity map, we may use the
notation reg(X ∋ x,B) and creg(X ∋ x,B) instead of reg(X/X ∋ x,B)
and creg(X/X ∋ x,B) respectively.
The following lemma follows from the definition of the complete regular-
ities.
Lemma 8.13. Let (X ∋ x,B) be an lc germ of dimension d. Then
(1) 0 ≤ creg(X ∋ x,B) ≤ d− 1, and
(2) creg(X ∋ x,B) = 0 if and only if (X ∋ x,B) is an exceptional
singularity.
8.3.2. Accumulation points of minimal log discrepancies of exceptional sin-
gularities. The following conjecture predicts a relation between the complete
regularities and the accumulation points of minimal log discrepancies.
Conjecture 8.14. Let d and r be two integers. We define
mld(d, r) := {mld(X ∋ x,B) | dimX = d, (X ∋ x,B) is lc,
B ∈ {1− 1
n
| n ∈ N+} ∪ {0}, creg(X ∋ x,B) ≤ r}.
Then the accumulation points of mld(d, r) belong to mld(d− 1, r− 1)∪ {0}.
Theorem 8.15. Conjecture 8.14 holds when r ≤ 0.
Proof. Since mld(d, r) = ∅ for any r ≤ −1, we only need to show that the
only possible accumulation point of mld(d, 0) is 0.
For any positive integer d, assume that (X ∋ x,B) is an lc germ of
dimension d such that B ∈ {1− 1n | n ∈ N+} ∪ {0} and creg(X ∋ x,B) ≤ 0.
By Lemma 8.13, (X ∋ x,B) is an exceptional singularity. By Lemma 3.22,
there exists a finite set Γ0 ⊂ {1 − 1n | n ∈ N+} ∪ {0} depending only on d
such that B ∈ Γ0. Theorem 8.15 follows from Theorem 1.2. 
8.3.3. ACC for complete regularity thresholds.
Definition 8.16 (Complete regularity thresholds and R-complementary
thresholds). Let c ≥ −1 be an integer, (X,B) a pair, D ≥ 0 an R-Cartier
R-divisor on X, π : X → Z a contraction, and z ∈ Z a point.
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We define the c-complete regularity threshold (crtc for short) of D with
respect to (X/Z ∋ z,B) to be
crtc(X/Z ∋ z,B;D) := sup{−∞, t | t ≥ 0, creg(X/Z ∋ z,B + tD) ≥ c}.
We define the R-complementary threshold (Rct for short) of D with respect
to (X/Z ∋ z,B) to be
Rct(X/Z ∋ z,B;D) := crt−1(X/Z ∋ z,B;D).
Remark 8.17. We remark that by definition, when (X/Z ∋ z,B) is R-
complementary,
Rct(X/Z ∋ z,B;D) = sup{t ∈ R | (X/Z ∋ z,B+tD) is R-complementary}.
In particular, when X → Z is the identity map,
Rct(X/Z ∋ z,B;D) = lct(X ∋ z,B;D).
Definition 8.18. Let d > 0 and −1 ≤ c ≤ d − 1 be two integers, and
Γ ⊂ [0, 1] and Γ′ ⊂ [0,+∞) two sets of real numbers. We define
CR≥c(Γ,Γ′, d) := {(X/Z ∋ z,B;D) | dimX = d, (X,B) is lc, B ∈ Γ,D ∈ Γ′,
X → Z is a contraction, z ∈ Z is a point, creg(X/Z ∋ z,B) ≥ c},
CRTc(Γ,Γ
′, d) := {crtc(X/Z ∋ z,B;D) | (X/Z ∋ z,B,D) ∈ CR≥c(Γ,Γ′, d)},
CRTc,FT(Γ,Γ
′, d) := {crtc(X/Z ∋ z,B;D) | (X/Z ∋ z,B,D) ∈ CR≥c(Γ,Γ′, d),
X is of Fano type over Z},
RCT(Γ,Γ′, d) := CRT−1(Γ,Γ′, d),
and
RCTFT(Γ,Γ
′, d) := CRT−1,FT(Γ,Γ′, d),
It is expected that both CRTc(Γ,Γ
′, d) and RCT(Γ,Γ′, d) satisfy the ACC,
provided that both Γ and Γ′ satisfy the DCC:
Conjecture 8.19. Let d > 0 and −1 ≤ c ≤ d − 1 be two integers, and
Γ ⊂ [0, 1] and Γ′ ⊂ [0,+∞) two DCC sets. Then CRTc(Γ,Γ′, d) satisfies the
ACC. In particular, RCT(Γ,Γ′, d) satisfies the ACC.
We will show that Conjecture 8.19 holds when X is of Fano type over Z.
Theorem 8.20. Let d > 0 and −1 ≤ c ≤ d−1 be two integers, and Γ ⊂ [0, 1]
and Γ′ ⊂ [0,+∞) two DCC sets. Then CRTc,FT(Γ,Γ′, d) satisfies the ACC.
In particular, RCTFT(Γ,Γ
′, d) satisfies the ACC.
We need the following proposition, which follows from Theorem 1.8 and
Theorem 1.10.
Proposition 8.21. Let d, p be two positive integers and Γ ⊂ [0, 1] a DCC
set of real numbers. Then there exist a positive integer n such that p | n and
a finite set Γ0 ⊂ (0, 1] depending only on d, p and Γ satisfying the following.
Assume that (X,B) is a pair of dimension d, G ≥ 0 is an R-Cartier
R-divisor on X, X → Z is a contraction, and z ∈ Z is a point, such that
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(1) X is of Fano type over Z,
(2) B ∈ Γ, and
(3) (X/Z ∋ z,B +G) is an R-complement of (X/Z ∋ z,B).
Then there exists an (n,Γ0)-decomposable R-complement (X/Z ∋ z, B˜) of
(X/Z ∋ z,B) and an n-complement (X/Z ∋ z,B+) of (X/Z ∋ z,B), such
that
LCP(X/Z ∋ z,B +G) ⊂ LCP(X/Z ∋ z, B˜) ∩ LCP(X/Z ∋ z,B+).
Proof. Let f : Y → X be a dlt modification of (X,B + G) over a
neighborhood of z, such that
KY +BY + E +GY = f
∗(KX +B +G),
where BY and GY are the strict transforms of B and G on Y respectively,
and E is the reduced exceptional divisor of f . Let SY := ⌊BY + E + GY ⌋.
We have
LCP(Y/Z ∋ z,BY +E+GY ) = LCP(X/Z ∋ z,B+G) = LCP(Y/Z ∋ z, SY ).
Let B′Y := BY +SY −BY ∧SY . It follows that B′Y ∈ Γ∪{1}, BY +E+GY ≥
B′Y ≥ BY + E, and (Y/Z ∋ z,B′Y ) is R-complementary.
By Theorem 1.10 and Theorem 1.8, there exist a positive integer n
divisible by p and a finite set Γ0 ⊂ (0, 1] depending only on d, p and Γ,
and two R-divisors B˜Y ≥ 0 and B+Y ≥ 0 on Y , such that
• (Y/Z ∋ z, B˜Y ) is an (n,Γ0)-decomposable R-complement of (Y/Z ∋
z,B′Y ), and
• (Y/Z ∋ z,B+Y ) is an n-complement of (Y/Z ∋ z,B′Y ).
By construction, B˜Y ≥ SY , B+Y ≥ SY . Thus
LCP(Y/Z ∋ z, SY ) ⊂ LCP(Y/Z ∋ z, B˜Y ) ∩ LCP(Y/Z ∋ z,B+Y ),
and we get the desired B˜ andB+ by letting B˜ := f∗B˜Y andB+ := f∗B+Y . 
Proof of Theorem 8.20. Suppose that the theorem does not hold. Then
there exist a sequence of pairs (Xi, Bi) of dimension d, contractions Xi → Zi,
points zi ∈ Zi, R-Cartier R-divisors Di ≥ 0 on Xi, and a strictly increasing
sequence of positive real numbers ti, such that Xi is of Fano type over Zi,
Bi ∈ Γ, Di ∈ Γ′, ti = crtc(Xi/Zi ∋ zi, Bi;Di), and t := limi→+∞ ti < +∞.
Let t′i be strictly increasing positive real numbers, such that 0 ≤ t′i < ti for
any i, and limi→+∞ t′i = t.
Then creg(Xi/Zi ∋ zi, Bi + t′iDi) ≥ c for every i. In particular, there
exists an R-Cartier R-divisor Gi ≥ 0 on Xi, such that reg(Xi/Zi ∋ zi, Bi +
t′iDi + Gi) ≥ c for every i. Since the coefficients of Bi + t′iDi belong to a
DCC set, by Proposition 8.21, there exist a positive integer n and a finite
set Γ0 ⊂ (0, 1] depending only on d, Γ and Γ′, and an (n,Γ0)-decomposable
R-complement (Xi/Zi ∋ zi, B˜i) of (Xi/Zi ∋ zi, Bi + t′iDi), such that
LCP(Xi/Zi ∋ zi, B˜i) ⊃ LCP(Xi/Zi ∋ zi, Bi + t′iDi +Gi).
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In particular, creg(Xi/Zi ∋ zi, B˜i) ≥ reg(Xi/Zi ∋ zi, Bi + t′iDi +Gi) ≥ c.
By construction, the coefficients of B˜i belong to a finite set, and B˜i ≥
Bi+t
′
iDi+Gi ≥ Bi+t′iDi for every i. Thus possibly passing to a subsequence,
we may assume that B˜i ≥ Bi + tDi for every i. In particular,
creg(Xi/Zi ∋ zi, Bi + tDi) ≥ creg(Xi/Zi ∋ zi, B˜i) ≥ c.
Thus crtc(Xi/Zi ∋ zi, Bi;Di) ≥ t > ti, a contradiction. 
Remark 8.22. The proof of Theorem 8.20 also implies that when X is of
Fano type over Z,
crtc(X/Z ∋ z,B;D) = max{−∞, t | t ≥ 0, creg(X/Z ∋ z,B + tD) ≥ c}.
Corollary 8.23. Let d > 0 be a positive integer and Γ ⊂ [0, 1] a DCC set
of real numbers. Then there exists a finite set Γ0 ⊂ Γ¯ depending only on d, c
and Γ satisfying the following.
Assume that (X,B) is a pair of dimension d, X → Z is a contraction,
and z ∈ Z is a point, such that
(1) X is of Fano type over Z,
(2) B ∈ Γ, and
(3) (X/Z ∋ z,B) is R-complementary.
Then there exists an (n,Γ0)-decomposable R-complement (X/Z ∋ z, B˜) of
(X/Z ∋ z,B), such that
reg(X/Z ∋ z, B˜) = creg(X/Z ∋ z,B).
Proof. Let c := creg(X/Z ∋ z,B) and (X/Z ∋ z,B +G) an R-complement
of (X/Z ∋ z,B) such that reg(X/Z ∋ z,B + G) = c. By Proposition 8.21,
there exist a positive integer n and a finite set Γ0 ⊂ (0, 1] depending only
on d and Γ, and an (n,Γ0)-decomposable R-complement (X/Z ∋ z, B˜) of
(X/Z ∋ z,B), such that LCP(X/Z ∋ z, B˜) ⊃ LCP(X/Z ∋ z,B + G). In
particular, reg(X/Z ∋ z, B˜) ≥ c. Since (X/Z ∋ z, B˜) is an R-complement of
(X/Z ∋ z,B), reg(X/Z ∋ z, B˜) ≤ c. Hence reg(X/Z ∋ z, B˜) = c. 
8.4. n-complements for non-Fano type varieties.
Conjecture 8.24 (Existence of n-complements, [CH20, Conjecture 1.1]).
Let d, p be two positive integers, and Γ ⊆ [0, 1] a DCC set. Then there exists
a positive integer n divisible by p depending only on d, p and Γ satisfying the
following.
Assume that (X,B) is a pair of dimension d, X → Z a contraction, and
z ∈ Z a point, such that
(1) B ∈ Γ, and
(2) (X/Z ∋ z,B) is R-complementary.
Then there exists an n-complement (X/Z ∋ z,B+) of (X/Z ∋ z,B).
Moreover, if SpanQ≥0(Γ¯\Q) ∩ (Q\{0}) = ∅, then we may pick B+ ≥ B.
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Theorem 8.25. Let d be a positive integer. Assume that Conjecture 8.24
holds in dimension d for the case when Γ ⊂ Q is finite, and Conjecture 5.14
holds in dimension d. Then Conjecture 8.24 holds in dimension d.
Proof. The proof follows from the same argument as in the proof of Theorem
1.8. 
8.5. Accumulation points of log canonical thresholds. As an applica-
tion of Theorem 1.8, we have the following theorem on accumulation points
of log canonical thresholds.
Theorem 8.26. Let d be a positive integer, and Γ ⊂ [0, 1] and Γ′ ⊂ [0,+∞)
two DCC sets. Then the accumulation points of LCT(Γ,Γ′, d) belong to the
set
{t ≥ 0 | SpanQ≥0
(
((Γ¯ + tΓ¯′)\Q) ∩ [0, 1]) ∩Q\{0} 6= ∅}
∪{t ≥ 0 | (Γ¯ + tΓ¯′>0) ∩ [0, 1] ∩Q 6= ∅} ∪ {0},
where Γ¯′>0 := Γ¯′ ∩ (0,+∞). In particular, when Γ¯ ⊂ [0, 1] ∩Q and Γ¯′ ⊂ Q,
the accumulation points of LCT(Γ,Γ′, d) are rational numbers.
Proof. We may assume that 0 ∈ Γ ∩ Γ′ and 1 ∈ Γ. Let t > 0 be an
accumulation point of LCT(Γ,Γ′, d). There exist a sequence of lc pairs
(Xi, Bi) of dimension d, R-Cartier R-divisors Gi ≥ 0, strictly decreasing
real numbers ti ≥ 0, such that ti = lct(Xi, Bi;Gi) and t := limi→+∞ ti.
Let fi : Yi → Xi be a dlt modification of (Xi, Bi), GYi the strict transform
of Gi on Yi, and
KYi +BYi := f
∗
i (KXi +Bi).
Then BYi ∈ Γ, and ti = lct(Yi, BYi ;GYi). Thus replacing (Xi, Bi) with
(Yi, BYi) and Gi with GYi , we may assume that Xi is Q-factorial klt. There
exists a closed point xi ∈ Xi, such that ti = lct(Xi ∋ xi, Bi;Gi) for any i.
Suppose that SpanQ≥0
(
((Γ¯ + tΓ¯′)\Q) ∩ [0, 1]) ∩ Q\{0} = ∅, and (Γ¯ +
tΓ¯′>0)∩ [0, 1]∩Q = ∅. Since the coefficients of Bi+ tGi belong to Γ+ tΓ′ for
any i, by Theorem 1.8, there exist a positive integer n depending only on d,Γ
and Γ′, and R-divisors B+i on Xi, such that (Xi ∋ xi, B+i ) is a monotonic
n-complement of (Xi ∋ xi, Bi + tGi) for any i. Possibly shrinking Xi to a
neighborhood of xi, we may assume that there exists a positive integer m,
such that B+i =
∑m
j=1 b
+
i,jBi,j, Bi =
∑m
j=1 bi,jBi,j, and Gi =
∑m
j=1 gi,jBi,j,
where nb+i,j ∈ [0, 1], and Bi,j are distinct prime divisors on Xi. Since t > 0,
gi,j ≤ 1t . Possibly passing to a subsequence, we may assume that {bi,j}∞i=1,
{gi,j}∞i=1 are increasing sequences for every 1 ≤ j ≤ m, and there exist b+j ,
bi ∈ Γ¯, and gi ∈ Γ¯′ such that b+j = b+i,j for any i, j, bj = limi→+∞ bi,j, gj =
limi→+∞ gi,j , and b+j ≥ bj+ tgj for any j. By the construction of t, if gj 6= 0,
then b+j 6= bj + tgj , and t <
b+j −bj
gj
. Thus possibly passing to a subsequence,
we may assume that there exists t′i > ti, such that b
+
j > bj+t
′
igj ≥ bi,j+t′igij
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for any gj 6= 0 and any i. Hence lct(Xi, Bi;Gi) ≥ t′i > ti near a neighborhood
of xi, a contradiction. 
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Appendix A. Index of a plt divisor
by Yuchen Liu∗
Department of Mathematics, Yale University,
New Haven, CT 06511, USA,
E-mail: yuchen.liu@yale.edu
For any Q-Cartier Q-divisor D on a normal variety Y , we denote the
Cartier index of D at a point y ∈ Y by ind(y ∈ Y,D) := min{m ∈ Z>0 |
mD is Cartier}.
Theorem A.1. Let (Y,∆+E) be a plt pair over an algebraically closed field
k of characteristic zero where E is the integral part. Then for any Q-Cartier
Weil divisor L on Y and any point y ∈ E, we have
ind(y ∈ Y,L) = ind(y ∈ E,L|E).
In particular, we have ind(y ∈ Y,E) = ind(y ∈ E,E|E).
Before proving Theorem A.1, we will work out restriction exact sequence
for plt surface pairs.
Notation (⋆). Let y ∈ Y be a normal excellent surface singularity. Let E
be a reduced irreducible curve on Y passing through y. Assume that (Y,E)
is a plt pair. Then from [Kol13, Corollary 3.31], E is regular at y, and the
extended dual graph (Γ, E) of (y ∈ Y,E) is of cyclic quotient type:
c1
· · ·
cr
∗Y.L. would like to thank Chenyang Xu for fruitful discussions. This material is based
upon work supported by the National Science Foundation under Grant No. DMS-1440140
while Y.L. was in residence at the Mathematical Sciences Research Institute in Berkeley,
California, during the Spring 2019 semester.
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Denote by σ : Y → Y the minimal resolution of (Y,E). Here • represents
the curve E := σ−1∗ E, and ◦ represent exceptional curves Ci ∼= P1κ(y) with
−(C2i ) = ci ≥ 2 for 1 ≤ i ≤ r.
Denote by Γi and Γ
′
i the subgraph of Γ spanned by {C1, · · · , Ci} and
{Cr−i+1, · · · , Cr} respectively. Let di := det(Γi) and d′i := det(Γ′i), with
d0 = d
′
0 = 1 by convention. Let m := det(Γ) = dr = d
′
r. From [Kol13, 3.35],
we know that
(A.1) σ∗E = E+
r∑
i=1
d′r−i
m
Ci, σ
∗(KY +E) = KY +E+
r∑
i=1
(
1− di−1
m
)
Ci.
Definition A.2. With notation (⋆), let L be a Weil divisor on Y whose
support does not contain E. We define L|E to be the Q-divisor σ∗((σ∗L)|E).
We define E|E as the Q-divisor class (i.e. a Q-divisor unique up to Z-linear
equivalence) σ∗((σ∗E)|E) = σ∗(E|E) +
d′r−1
m y.
The following lemma is probably well-known to experts. We provide a
proof for readers’ convenience.
Lemma A.3. With notation (⋆), for any Weil divisor L on Y , there are
canonical isomorphisms
(OY (L)⊗OE)∗∗ ∼= OY (L)/OY (L− E) ∼= OE(⌊L|E⌋).
Proof. We first prove the second isomorphism. By [HW19, Proposition
3.1] and [Kol13, Theorem 10.4], for any Weil divisor D on Y , we have the
following short exact sequence
0→ OY (KY+D)→ OY (KY+E+D)→ σ∗(OY (KY+E+⌈σ∗D⌉)⊗OE)→ 0.
Denote the last non-zero term in the above exact sequence by F . For a
Weil divisor L on Y , we take D := L−KY − E. Then we have a canonical
isomorphism between OY (L)/OY (L− E) and F , where
F = σ∗(OY (KY + E + ⌈σ∗(L−KY − E)⌉) ⊗OE)
From (A.1), we know that
σ∗(−KY − E) = −KY −E −
r∑
i=1
(
1− di−1
m
)
Ci.
Denote by L := σ−1∗ L. Then we have σ∗L = L+
∑r
i=1
li
mCi. Hence
KY + E + ⌈σ∗(L−KY −E)⌉ = L−
r∑
i=1
⌊
− li
m
+ 1− di−1
m
⌋
Ci.
Since Ci ∩ E = ∅ for any i ≥ 2, we know that
F = σ∗(OE ⊗OY (L+ ⌊l1/m⌋C1)) = σ∗(OE ⊗OY (⌊σ∗L⌋)).
Here we use the equality ⌊− l1m + 1 − 1m⌋ = −⌊ l1m⌋. Thus by definition we
have F = OE(⌊L|E⌋).
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For the first isomorphism, consider the following diagram:
0 IE · OY (L) OY (L) OE ⊗OY (L) 0
0 OY (L− E) OY (L) OY (L)/OY (L− E) 0
id f
It is clear that the vertical morphisms are isomorphic over a non-empty
Zariski open subset. Since OY (L)/OY (L−E) is torsion free, the morphism
f induces a surjective morphism (OY (L) ⊗ OE)∗∗ ։ OY (L)/OY (L − E)
between invertible sheaves on E which has to be an isomorphism. 
Definition A.4. Let (Y,E + ∆) be a plt pair over an algebraically closed
field k of characteristic zero where E is the integral part. Let L be a
Q-Cartier Weil divisor on Y . We define L|E as the Q-divisor class on E
determined by Definition A.2 at every codimension 1 point ζ of E.
Proof of Theorem A.1. Let m := ind(y ∈ Y,L), then mL|E is Cartier which
implies that m is a multiple of ind(y ∈ E,L|E). Let us consider the index
1 cover π : Y˜ → Y of L. After shrinking Y if necessary we may assume
that Y is affine and mL is trivial. Then we can take a generating section
s ∈ H0(Y,mL) such that
Y˜ ∼= SpecY ⊕m−1i=0 OY (−iL),
where the ring structure is defined using s. Let E˜ := π∗E and ∆˜ := π∗∆.
Then [KM98, Proposition 5.20] implies that (Y˜ , E˜ + ∆˜) is plt, which in
particular implies that E˜ is normal. Since π−1(y) is a single point, we know
that E˜ is irreducible. Denote by Eˆ := SpecE ⊕m−1i=0 OE(⌊−iL|E⌋) where the
ring structure is defined using s|E . By Lemma A.3, we have
(A.2) Eˆ
∼=−−→ Spec⊕m−1i=0 (OE ⊗OY (−iL))∗∗ → E ×Y Y˜ .
Notice that the first morphism is an isomorphism because it is an isomor-
phism over all codimension 1 points on E by Lemma A.3, and both structure
sheaves are reflexive. We denote the composition morphism by g. Then g is
finite and isomorphic over E◦ ×Y Y˜ where E◦ ⊂ E is the Cartier locus
of E in Y . Since E˜ is the reduced scheme of E ×Y Y˜ , we may lift g
to a finite morphism h : Eˆ → E˜ which is isomorphic over π−1(E◦). By
definition we know that Eˆ is equidimensional, hence h is an isomorphism by
the Zariski main theorem. Clearly, the fiber of Eˆ → E over y has cardinality
m/ind(y ∈ E,L|E). Thusm = ind(y ∈ E,L|E) and the proof is finished. 
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